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This is a course about the Fundamentals of Astrophysics: in particular electromagnetic
radiation. As astronomers we are limited to observing what happens in the Universe — we are
not able to reach out and touch something. Our observations are almost entirely done using
electromagnetic radiation. There are a very few exceptions: meteorites, charged cosmic rays
and neutrinos. Now that advanced LIGO has seen sources, we must add gravitational waves
to the list of observed radiation. But almost everything we know about the Universe comes
from light and non-visible EM radiation that reaches the Solar system.

I will try to get these LaTeX’d notes out in a timely fashion. They will not include all
the diagrams that I draw on the board, so you still need to take notes during class, but they
should help you remember what went on and also get the equations right.

A NOTE ABOUT UNITS: In this course we will use electrostatic cgs units because
most astrophysicists use them. Those of you who studied E&M in MKS units will suffer
the slings and arrows of outrageous unit conversion, but can probably fix a toaster. Just
remember that 1 picofarad is about 1 cm and that 1 gauss (that’s 107* Tesla) is the same
as 1 statvolt/cm which is 300 V/cm. All the best E&M books use cgs units: Purcell’s E&M
in the Berkeley Physics course, and Jackson in early editions.

The electrostatic force between two charges is F' = kiqi1q2 /7"2. The magnetic force
between two wires separated by distance r and carrying currents I; and [, per unit length A
is dF/d\ = 2kyI,1,/r. Note that the speed of light is always given by ¢? = k; /ks, the ratio
of electrostatic to magnetic force strengths. For MKS units ky = 1077 and thus k; = 1077¢?,
while for electrostatic cgs units k; = 1 and ky = ¢ 2. In the electrostatic cgs system e, = 1/4x
and 1, = 4m/c?. The electrostatic cgs unit for charge is the electrostatic unit or esu, and 1
Coulomb is 2.99792458 x 10% esu. That ratio is exactly ¢/10 cm/sec, and since the potential
energy is U = ¢V, the unit of electric potential in the cgs system is 299.792458 Volts which is
known as a statvolt. The unit of the electric field is statvolt/cm which is exactly the same as
the unit for the magnetic field which is the gauss. This fortunate coincidence arises because
the Lorentz force law, which is

F=q(E+7x B) (1)

in MKS units, is changed to
F=qE+3xB) with f=uv/c (2)

in cgs units, so E and B have the same units. Since we will be combining E and B into a single
electromagnetic field tensor F),, it is very useful that £/ and B have the same units. The unit
for capacitance is esu/statvolt which is the centimeter so 1 Farad is (2.99792458)2 x 10'* c¢m.



Hence 1 cm is 1.1 pF. Since the RC time constant is still in seconds, (2.99792458)% x 10
Ohms is 1 sec/cm.

Since the resistance is given by R = pL/A where p is the resistivity, L is the length and
A is the area, the units for the resistivity p are seconds. This is approximately the order
of magnitude for the length of time needed to discharge a spherical charge separation by
electrical conduction. For elongated objects like needles the discharge time is much longer
than the resistivity. To return to the toaster, the resistivity of nichrome is 110 x 1078
Ohm-meters in MKS, or 110 pf2-cm in the mixed units normally used. Since 1 Ohm is
1.1 x 107!2 sec/cm, the resistivity of nichrome is 1.2 x 1071¢ sec. The discharge time is
significant for wavelengths A ~ 2mpc ~ 0.2 um for solid spheres and much longer wavelengths
for needle-shaped or porous dust grains.

1. Dust Absorption in the ISM

not in R&L

Typically in the ISM 1% of the mass is in dust. The heavy elements (C to U) make up
about 2% of the mass of the gas currently, but CO forms until one runs out of C or O, and
CO stays gaseous down to very low temperatures.

The “typical” dust grain has a radius a of about 0.1 um = 107° cm. This value
is probably more set by A/2m where A is the wavelength of the light used to study the
dust. Because the dust grains are small, there is more absorption and scattering for short
wavelengths of light than for longer wavelengths. The sum of absorption and scattering is
known as eztinction. The extinction wvs. wavelength is denoted be A,. By comparing the
color of stars to the colors expected for the temperatures implies by their spectral types, the
color excess F can be determined. Most commonly one talks about E(B—V) = Agp— Ay. If
the color excess, or reddening is known, one can determine the total extinction Ay through
the ratio of total to selective extinction, R = Ay /E(B—V') =~ 3.1. Note that if Ay o v, then
R would be R = 0.55""/(0.447" — 0.557!) = 4 so the extinction curve is less steep than 1/\
in the visible, but in the near infrared the extinction declines more rapidly than 1/A with
increasing wavelength.

The typical dust grain has a mass m, = 4ma®p/3 ~ 107'* gm which corresponds to
about 10 H atoms. Thus the number density of grains is about 107!? of the number
density of hydrogen. In the typical ISM density ny = 1 cm™3, the distance between dust
grains is about 10* cm. Thus the ISM is very dilute and the dust grains act independently.

The dielectric constant of the ISM is given by € = 1 + 47y where y = P/FE and P is the



dipole density. P is given by nja,E where oy is the polarizability of the dust grain. Thus
e =1+ 4mngay (3)

But what is the polarizability of a dust grain? It has the dimensions of (length)? in cgs units.
For a perfectly conducting sphere, assume that there is a surface charge density o = o, cos 6,
where 6 is the angle between the incident E field and the point on the surface. This charge
density makes an E field at the center of the sphere given by

= 4o,
Epg =% / 0, cos? 0d) = 7;0 (4)

Thus, o, = %Eext for the induced field to cancel the external field in the center of the sphere.
This surface charge density has a dipole moment given by

4
d= /acos (o, cos 0a?)dQ) = %a?’ao = a’E., (5)
so the polarizability of a conducting sphere is

Qg = a’ (6)

For a dielectric sphere, the dipole density P inside the sphere is constant, as is the total
electric field E. The surface charge density is ¢ = P cosf. Thus the induced field is

— 4 —
Eipg = ——P (7)
3
But the dipole density is given by
- (e, —1)E
pP=-—=—"
ym (8)

and the interior electric field is given by

—

E = Eewt + Eind (9)

Since all the electric fields are along the z axis and the direction of the induced field is
opposite to the applied field, we can find the magnitude of the induced field by solving

3 (g —1)

—F.,. .= E...—FE; 1
471' ind 471' ( ext znd) ( 0)
0 3 (e—1) (e, — 1)
€, — €, —
FE; — J =9 E 11
ind (47r + 4T ) Am ert (11)
and finally
€, — 1
E,g="2—F., 12
T 2 (12)



The dipole moment is obviously

47 €, — 1
d=—a*P =a’E;,; = -2 3E..
3 a a d P 2& L
and the polarizability of a dielectric sphere is
€g—1 3

Qg = a
g €g + 2

(13)

(14)

For a conductor, € = 1 — w?/w? — —00 s0 a, = a® as found earlier. These formula are

derived using electrostatics (w — 0) but are OK for A >> a.

The imaginary part of the wavevector k = w+/€/c is given by

S(k) = %(1 + 2mny0)

(15)

Now (k) x D gives the fractional reduction in the amplitude of |E|, so the reduction in the

power is twice this great. But this reduction in power is also given by
D Xng X 0oep =2x (k) x D
Thus the extinction cross section of dust grain is given by

ATwS(ay)
Oext = f

For a sphere,

—1
Oeat = Ama*2S (69 )
c €g+2

1.1. Scattering

The oscillating dipole moment of the dust grain emits power given by

P 2¢2a? _ 2d%wt
3c3 3c3

The Poynting flux times the scattering cross-section equals this power so

8m (w ) 4 o
Oscat = —
! 3 \c

2
€g — 1

€g + 2

(16)

(19)

(20)

Since the scattering goes down like w?, the long wavelength extinction is dominated by

absorption.



The Kramers-Kronig relation for dust grains gives:

1 o
apc = —= Oeztd 21
be =g | o (21)
Note that o can’t approach a constant greater than zero as A\ — oo because that would
require an infinite DC polarizability. An extinction going like 1/ is also ruler out, although

only logarithmicly.

To have a large o.,; at long wavelengths, one needs to have a large apc. But for spheres,
apce is proportional to the volume, and we can’t have a large volume without requiring too
much mass in the dust grains. To get around this limit, we need to find grains with a large
ratio apc/V where V is the volume.

This is possible for conducting needles. Consider a needle with length L and diameter
D in an external electric field oriented parallel to the long axis of the needle. A linear charge
density A(z) will be induced on the needle. Assume that A(z) o z with the origin at the
middle of the needle. The voltage of a linear charge density is given by V' = 2A\Inr. Taking
the potential drop between r = D/2 and r = L/2 and setting this equal to the external

voltage Ez gives

Ez
)\(Z) = m (22)

so the dipole moment is

E Lz, L?
d= /)\(z)zdz = SI(L/D) /_L/2z dz = WE (23)

Thus the polarizability is proportional to the (longest dimension)?® instead of the volume.
For these formula to work it is necessary that the induced voltage cancel the applied volt-
age, which will happen if the grain is made out of a conducting material. Thus elongated
conducting dust grains can be very efficient long wavelength absorbers.

The absorption cross-section can be found by comparing the ohmic loss in the grain to
the Poynting flux. The ohmic loss is

Power = / jEdV = / o B*dV (24)

where o, is the electrical conductivity of the material. Thus the absorption cross-section is

given by
4o,V

C

(25)

Oabs =

Note that in cgs units the electrical conductivity o, has the units sec™! and is equal to the
usual value in mho/cm multiplied by 2.997924582 x 10'!. For a typical amorphous carbon
0. = 100 mho/cm = 9 x 10" sec™!, the absorption cross-section is about 30,000 cm?/cc or

>



approximately 10* cm?/gm of dust and 100 cm?/gm of total ISM. The visual extinction of 1
per kpc is 200 cm? /gm of total ISM, so conducting needles can have absorptions as high as
the visual extinction extending into the far-IR and sub-mm. For randomly oriented needles,
these values should be divided by 3 since only 1 of the 3 axes is along the long axis of the
needle.

This absorption cross-section assumes that current is flowing freely in the incident field,
but for long wavelengths the dipole moment gets established and the net field goes to zero,
and so does the absorbed power. The time constant for setting up the dipole moment can
be estimated by calculating the resistance and capacitance of the needle. The resistance
Ris R = L/(nD?%c,./4) and has units of sec/cm. The capacitance can be estimated from
the voltage across the needle, V' = 4A(L/2)In(L/D), and the charge on one “plate” of the
needle, Q = [/*A(z)dz = (L/4)A(L/2). Thus C = Q/V = L/(16In(L/D)) and has units

of em. The time constant is
(L/D)?

T A In(L/D)o.
For L/D = 100 and o, = 10 sec™!, this is 7 = 1.7 x 1072 sec. Thus the cutoff at wr =1
oceurs at w =6 x 10, v =9 x 10! Hz, or A = 3 mm.

T=RC (26)

1.2. Fractal Dust Grains

Dust grains in the ISM are probably severely radiation damaged, so the crystal structure
will be very imperfect, and the shapes are likely to be extremely diverse. Neither spheres
nor needles offer much diversity, but fractal shapes produced by random aggregation offer
an example of possible shapes. Computing the absorption cross-sections of odd shapes can
be done using the discrete-dipole approximation (Purcell & Pennypacker, 1973, ApJ, 186,
705) which divides a grain into polarizable spheres, and computes their dipoles in the field
due to both the external field and their mutual interactions.

In Wright (1987, ApJ, 320, 818) the RC network theory for the absorption cross-section
of arbitrarily shaped dust grains in developed. This is a simplification of the DDA in the
limit applicable to the conducting needle considered earlier. In this theory, the potential
applied by the external electric field causes currents to flow, leading to V?/R losses and
absorption. A dust grain is modeled by a collection of spheres of radius r» which all interact
capacitively, along with resistive interactions between spheres in contact.

The applied field E generates a potential
V,;=E- (27)

on the " sphere. The total potential depends on the charges on all the balls, @Q); on the 5"
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Fig. 1.— Fractal shapes produced by random aggregation processes.

sphere. One gets

Vi= Z Gi;Q; + Vo, (28)
where the Green’s function Gy; is 1/r if i = j, or 1/r;; if ¢ # j. Note that G has units of
inverse capacitance.

The current flow between the spheres is given by

dQ;

D IR (20)
The matrix element Y;; contains 1/ R if there is a link with resistance R between the i sphere
and the j sphere, or 0 otherwise. The diagonal element are defined as Y;; = — Y, 2 Yij, 80

if V; is constant there is no current flow. Y has units of inverse resistance, with SI unit the
siemens (used to be “mho”) and cgs units of cm/sec.

If we assume a exp(—iwt) time dependence, we get an equation for the charges on the

spheres:
—-iwQ=YGQ+YV, (30)
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This has the solution

Q=—(iwl+YG) YV, (31)
The power dissipated in the resistive links can be calculated as
P=-VI*YV (32)

which is analogous to P = V2/R. The minus sign comes from the definition of Y with a
negative diagonal. The voltage is

V=—-iwY'Q (33)
which gives the dissipated power as
P = -V, Y (WY + YGYGY) 'V,
= —wV.TY (WI1+GYGY) 'V, (34)

Since G ~ 1/C and Y ~ 1/R, this formula is schematically P = (V?/R)[(w7)?/(1 + (wT)?],
the dissipation in a series RC circuit. But with a complicated shape there are many different
time constants. The dissipated power is also given by the cross-section times the Poynting
flux, giving
cE?
P=0,S=0,— 35
008 =00 (35)

We can calculate the absorption cross-section in various orientations of the grain with respect
to the incident electric field. If the z axis is chosen to be axis of largest moment of inertia of
the grain, and o, is the absorption when E is along the z axis, then the average cross-section
is

o= (0, +0,+0,)/3 (36)
and the polarization in perfect spinning alignment with all the spin axes aligned along z is
Oy +0y — 20,

37
Oy + 0y + 20, (37)

Polarization =

The absorption cross-section for fractal dust grains varies like o o< % for low v, then
o o v? for intermediate v, and v o const for high v. For a cluster aggregation (CL) fractal
construction method, § ~ 0.6. The CL process gives a fractal dimension D =~ 1.7. Grains
constructed by diffusion limited aggregation (DLA) have fractal dimension D ~ 2.5 and give
0 ~ 1. The intermediate v range corresponds to the range of time constants in a grain with
a complicated shape.

2. Fourier Transforms

The Fourier transform is defined by R&L as
1 [t

flw)= o= f(t)e™"dt (38)

T o .
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Other authors put the “27” in other places so be careful when mixing formulae from different
sources. We can easily find the F'T of a normalized Gaussian:

0 1 12
g e _——
g ~or P\ T2
. 1 12
1 e 17 1 ,,
= W/exp(—él;—wﬁ} —§w7>dt

1 145,
= %exp< §w7') (39)

In the limit as 7 — 0, g(t) — 6(¢) and clearly g(w) — (27)~".

We can use this result to find the FT of an unnormalized Gaussian:

h(t) = 7V2mg(t) = exp (—%i—i)

) = 7VERg) = o (—;w) (10)

Note that iz(w) is a normalized Gaussian in w space so its integral is unity for any 7. As
T — 00, h(t) — 1 and h(w) — §(w). This is a very important and useful result:

i(z) = %/emydy (41)

2.1. Inverse Fourier Transform

We can now prove the correctness of the inverse Fourier transform:

“+00

f(t) = f(w)e “tdw (42)

—00

too , 1 - ,
/ flw)e™dw = /%/f(t')em dt'e "' dw

- / f(t) (% / ei“(t/_t)dw) dt’

_ / 7 (5 —1))ar' = £ (t) (43)

We evaluate



2.2. Convolution Theorem

Now consider the convolution theorem: for

wey = [ rate
- //f /g< et

) = 5= [/ / fl@)e / e Ol e
e

— %//f(w')g(w”) (27r5(w”—w')> [2%5(w—w")}dw'dw”
= 2nf(w)i(w) (44)

Thus the Fourier transform of the convolution of two functions is the product of the two
Fourier transforms.

2.3. Parseval’s Theorem

Now let g(t) = f(—t). Then j(w) = f(w)*, the complex conjugate of f. This special
case of the convolution theorem gives

wey = [ s

hw) = 2mf@)f(w)" = 2| f(w)] (45)

The inverse Fourier transform of i(w) evaluated at ¢ = 0 then gives

/f t)dt’ _27r/\f )[2dw (46)

which is Parseval’s theorem.

2.4. Simple Properties of the Fourier Transform

1. Linearity: For h(t) = af (t) + Bg(t), hw) = af (w) + Bj(w)
2. For real f(t), f(—w) = f(w)*.
3. For g(t) = f(at), j(w) = a7 f(a7'w)
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4. For g(t) = f(t + T), §lw) = e f(w)

The converse of the convolution theorem says that the Fourier transform of a product,
h(t) = f(t)g(t), is a convolution:

ﬁw>=-—/f Jettd

= 5 [ (Jiwre=ar) ( [awne s ar) e

- ///wpuw it + ) ()3 "
Sl — o — )3 "

2.5. Periodic Functions

The Fourier transform of a periodic function is a series of delta functions: Consider f(t)
such that f(t + 1) = f(t). Then f(t) — f(t +T) = 0 and the Fourier transform of zero is
zero. Thus

0 = i / f(zt)ei“’%ht—i / ft+T)e“ at
= L e e ey
_ <—eWT> (43)

Therefore f(w) = 0 unless w = 27n/T for integer n. Since f(w) is non-zero only at discrete
points, the values at these must be infinite in order to have any affect, so f(w) is a sequence
of delta functions at evenly spaced frequencies, w = 27n/T.

Conversely, if a function is a series of evenly spaced delta functions, it has a periodic
Fourier transform:

f(t) = Y fad(t = nT)
fl@) = 5= 3 fer
flod 2Dy = L3 e
= f(w) (49)
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2.6. Nyquist Sampling Theorem

A delta function comb, f(t) = > 6(t — nT), is both a periodic function and a series
of delta functions. Thus its Fourier transform has to be both a series of delta functions
and periodic. The delta functions in f will be at w = 27n/T and will all have the same
amplitude. To find this amplitude we only have to integrate f from w = —7/T to w/T":

w)dw = / T dw 50
/—n/T —n/T 27T Z ( )

For n # 0 the integral above vanishes, but forn = 01t gives 1/7". Thus for f(t) = > é(t—nT),

we find the Fourier transform is f(w) = 7713 6(w—27n/T). We can also show this directly
by writing
fH) = lmp (1- e)"l§(t — nT)
. 1 1 1
= lim — . — —1
fw) 20 27 [1 — (1 — e)eiT * 1—(1—¢e T
1 2¢ — €
= lim —
e—0 271 €2 — 2(1 — €)(1 — cos(wT))
1 21
= lim — (51)

=027 1 4 407 )sm (WT/2)

When sin(w7'/2) = 0 at w = 27n /T, the limit goes to infinity. Otherwise the limit goes to
zero. Near w = 0 we can use the sin(w7/2) ~ wT'/2 to see that

Flo) = tim -2

_ el ~
I e T T /o =T 0(w) forw=0 (52)

Therefore f(w)=T"1%6(w — 27n/T).

Now consider the effect of multiplying a function g(t) by the delta function comb. The
product will be zero except at ¢ = nT, so this is equivalent to sampling the function g(t)
at discrete times. The Fourier transform of gs(t) = f(t)g(t) is given by the converse of the

convolution theorem:
A 2
= / flw —w")gw")dw" = § ' (w - ﬂ) (53)

Thus the Fourier transform of the sampled function is an infinite sum of shifted copies of the
Fourier transform of the original function. But if the original function g(¢) is band limited,
so g = 0 except for w; < w < wy, and the frequency range wy — wy < 2w /T, then the shifted
copies of g in the Fourier transform of g, do not overlap. In this case one can reconstruct
the Fourier transform of ¢ from the Fourier transform of g,. For real functions, the negative
and positive frequencies must both be considered, so if spectrum of g extends up to wyas

12



it also extends down to —wy,q.. Therefore the maximum sampling interval that allows full

reconstruction of the input signal is -
T <

(54)

wmax
One needs at least one sample every half-cycle of the highest frequency in the signal. This
is the Nyquist sampling rate.

2.7. Random Processes

Often in astrophysics the function f(t) is a random process. In this case, the power
spectrum, which is the magnitude squared of the Fourier transform of f, is given by the
Fourier transform of the autocorrelation of f. The autocorrelation A(7) of a process f(t)
is the average value of f(t)f(t — 7). For a stationary random process, this only depends
on |7, and does not depend on t. We will do this average by averaging this quantity over
a time interval T. We do this by multiplying f(¢), which typically extends over all times,
by a window function that is unity for |[¢| < T'/2 and zero otherwise. Call this windowed
function fr(t). Note that using the average over time to get the average requires that
a random process be ergodic. The integral one performs to evaluate the autocorrelation
function as a time average is almost but not quite a convolution. The difference is that in a
convolution the time variable runs backward for one of the functions being convolved. But
the Fourier transform of a time-reversed real function is just the complex conjugate to the
Fourier transfrom of the function, so the convolution theorem can be used, giving:

hr(t) = /fT(t’)fT(t’ —n)dt' =T(f(t")ft' — 1)) = TA(7)
T

he(w) = 2mfr(w)fr(w)” = 27 fr(w)] = o / A(r)e"dr. (55)

Note that as T' gets larger, hp(w) gets larger. But hp(w) is the distribution of pulse energy
over frequency, so if we divide by T" we get the distribution of power over frequency. Thus

. hr(w)
A

= (2m)~* /A(T)ei‘”dT = A(w) (56)

This is the power spectrum of the process, and it is the Fourier transform of the autocorre-
lation function.

3. Impulse Response Function

Consider an atom or dust grain in an incident electric field. It polarizes and develops a
dipole moment given by d = aE;,. The polarizability o depends on frequency: a(w). Note

13



that the scattered power can be found using the Larmor formula by setting qa = d:

2¢%a> 20 20(w)wt
Proar = R 57
Y 3c3 3c3 " (57)

Now for an arbitrary incident field Ey,(t) with FT Ej,(w), the dipole moment’s FT is given
by d(w) = a(w)E;,(w). This is the product of two Fourier transforms, so we can write d(t)
as a convolution using the convolution theorem:

1
o

d(t) /Em(t')a(t —t)dt' (58)
where a(t) = [ a(w)e ®!dw. The 27 factor appears in a different place because we started
with a(w). If the incident field is an impulse (a delta function §(¢)) then the dipole moment
is d(t) = (2m)ta(t), so (27)ta(t) is called the impulse response function for this system.

By causality the dipole moment can not react to the electric field before the electric
field starts, so a(t) = 0 for ¢t < 0. Since for ¢ < 0 you can close the contour for the integral
a(t) = [ a(w)e ™dt through w = +ioco, this means that a(w) has no poles in the upper half
of the complex w plane. For example, if

0, fort <0
alt) = { et fort>0 (59)
then , 1
i
= — 60
aw) 2mw + I (60)

which only has poles in the lower half plane.

3.1. Kramers-Kronig Relations

For functions without poles in upper half plane, one can deduce the imaginary part of
the function from the real part and vice-versa. Consider the integral

f@) e (ORI hall (O
Pmdw = ll_T% (/ mdw +/u;+€ md@d) (61)

—00

The “P” stands for principal value which is the value obtained using the given limit for the
this improper integral through a singularity.

If f (w) has no poles in the upper half plane, then the principal value integral is the
average of two contour integrals: one taking a contour that detours above the pole at w and
then closes through w’ = +ioco, and a second contour that detours below the pole at w but

14



is otherwise identical. The first contour integral gives zero because there are no poles within
the contour, while the second gives 27if(w). The average gives

.7 f(wl) /
= 7 d 62
mif(w) = [ S d (62)
If we take the real part of this equation it gives
: 1 [ R(fW),
R = —— — =7 63
S(fw) = -1 [ TR (63)
while the imaginary part gives
2 1 [ S(f(W))
R = — — " W 64
(f(w)) 7T/P L, w (64)
The latter equation allows us to compute the dielectric constant of interstellar space from

the interstellar extinction curve, for example.

The dielectric constant of the ISM is given by € = 1 4 47x where x = P/FE and P is
the dipole density. P is given by nya,E where n, is the number density of dust grains and
oy is the polarizability of a dust grain. Thus

e=1+4mngoy (65)
The imaginary part of the wavevector k = wy/€/c is given by

(k) = =S([1 + 2mn404)) (66)

ol &

Now (k) x D gives the fractional reduction in the amplitude of |E|, so the reduction in the
power is twice this great. But this reduction in power is also given by

D Xng X 0ept =2 % (k) x D (67)
Thus the extinction cross section of dust grain is given by

4 Cx
Oext = Wwd(ag) . (68)
C

Because the impulse response function «(t) is real, we know that 3(a(w)) must be an odd
function of w. Therefore the extinction cross-section must go like v? for small enough fre-
quencies. Thus the usual far-IR fit of o oc # with 3 ~ 1.5 must break down for really long
wavelengths.

We can evaluate the DC polarizability of a dust grain using a knowledge of its extinction
curve and Equation 64 with w = 0:

apc = R(a(0)) = ! /P de' = l/ " e dw' (69)

2
T ) o 4mw’



and if we substitute 27¢/\ for w we get

1 o
apc — R ; Uextd)\- (70)
This is useful because we can usually evaluate the DC polarizability of a particle from
elementary electrostatics, so this equation gives a useful integral constraint on the extinction

curve.

4. Blackbody Statistics

Each mode of the E&M field acts like a harmonic oscillator with energy levels 0, hv,
2hv, .... These correspond to states with 0, 1, 2, ...photons in this mode. The probability
distribution of the states in a mode is determined by the Boltzmann distribution, so

p(n) oc e H/M (71)

but this needs to be normalized by dividing by the partition function

1

_ —E/KT _ —hu/kT —hu /KT 2 _

(72)
The mean energy per state can be found by taking the derivative of Z with respect to
B =1/kT:
EePE 07
_xEe 02 (73)
> e op

This derivative is easily evaluated giving

(E)

hyehv/kT hv

(1— e mAT)2 — T

(E)=2"" (74)

which is a well known part of the Planck function.

The number of nodes per unit frequency can be found by considering the number
of modes with frequencies less than v,,,, in a box of volume V. In a box with periodic
boundary conditions modes have to satisty k,L, = 2mn,, k,L, = 2mn,, and k.L, =
27n, where n, etc. are integers and the wavenumber k is 27v/c. Thus the volume per
mode in k space is (2m/L,)(27/L,)(2m/L,) = (27)3/V. The volume in k-space with fre-
quency less than vy, is (47/3)(27Vmaez/c)?, so the number of modes is N(< Vpee) =
gl(47/3) (27 Vmaz/€)?]/[(270)3 V] = (47gV/3)(Vimaz/c)® where the statistical weight g is 2
for the two possible polarizations of each E&M mode. Taking the derivative of this with
respect to v/c gives the number of modes in a box of volume dV in a frequency range dv at
frequency v:

2 x 47 x (3)2 %”dv (75)

c
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where the initial factor of 2 is for polarizations, and the 47 integrates over all directions.
Thus the Planck energy density is

V2 hv

c3 ehv/kT _ 1 (76)

U, = 87
This energy density is (47 /c) times the mean intensity .J, which equals the intensity I,
because the blackbody radiation field is isotropic. Thus the intensity in a blackbody is
2 hv

I, =B,(T) = QEW (77)

This Planck function has two well-known limiting approximations. One is the Rayleigh-
Jeans approximation which applies when = = hv/kT << 1. It is I, = 2kT(v/c)?. This RJ
approximation rises continuously with frequency and gives an infinite total energy density,
an ultraviolet catastrophe that motivated the development of quantum physics. The approxi-
mation that works in the UV is the Wien approximation, I,, = 2hv(v/c)?* exp(—hv/kT). The
approximation has the wrong form at low fregencies, but it does have a peak and a finite
total energy density. The Wien displacement law gives the peak of the blackbody law as a
function of temperature. The peak of v"B,(T) occurs at the maximum of z"3/(e® — 1).
Setting the derivative with respect to x of the logarithm of this to zero gives

n+3_ er
|

or  x,=(Mn+3)(1—e"). (78)

The peak of B, occurs at xo = 2.82, the peak of vB, at x; = 3.92, and the peak of
By « v’B, at 25 = 4.97. The scaling between T' and \ is given by the second radiation
constant hc/k = (1.4387770 & 0.0000013) K cm.

The integral of the Planck function is easily evaluated. The bolometric intensity is

2h v3dy 2k 23dx
/BV(T)dV T2 / /KT _ 1 }3c2 / et _ 1
"d
/ rar /x"(e_x +e 2 e )dr =nl(1+42" 0D L 370D )

et —1
= I'(n+1)¢((n+1)
/ B,(T)dv = DK 1y _ 5874 (79)

h3c? T

Note the 1/7: the Stefan-Boltzmann constant ogp includes a factor of 7 steradians. Thus

2okt

= — 80
758 = 5p3e2 (80)
The energy density u is always 47/c times the bolometric intensity so
4
u= 2Bt _ gt (81)
c
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with @ = (7.565730 & 0.000027) x 1075 erg/cm?®/K?*. The Riemann zeta function ((s) =
Y- n~* is the subject of the famous Riemann zeta hypothesis, that if ((s) = 0 then either
s =—2, =4, —6,... or R(s) = 1/2. There is currently a $1,000,000 prize offered for a proof
of the Riemann zeta hypothesis. Useful values include ¢(2) = 72/6, ((3) = 1.2020569.. .,
and ¢(4) = 7*/90.

A rule of thumb for evaluating [ F,dv is based of looking at the flux per logarithmic
frequency interval, v F,,.

/ F,dv = / vE,dInv ~ O(1) x (VE,). (82)

For the Planck function, vB, o z*/(e* — 1) and peaks at z; = 3.92, so [z*/(e* — 1)],, = 4.78
while [@3dz/(e® —1) = n*/15 = 6.49 = 1.36[2*/(e® — 1)] %, so in this case O(1) = 1.36.

4.1. Variance

Now let us ask the next statistical question: what is the variance of the number of
photons? Suppose we measure a brightness and detect N photons. What is the signal-to-
noise ratio (SNR) of this measurement? In optical (and IR) astronomy the SNR will be
approximately v/ N, where I have assumed that dark current and sky background are not a
problem. But in radio astronomy the Dicke radiometer equation:

TS S
o(Ty) = \/é—t

is used, where B is the bandwidth observed in Hz or cycles per second. If we assume a

(83)

perfect system then all of the system temperature 7,, will be generated by signal and the
SNR will be v/ Bt. This result doesn’t seem to have anything to do with photons, but even
radio waves are made of photons.

To address this mystery we need to compute the variance of the energy per mode in
the blackbody, or the variance in the number of photons which is equivalent. The variance
of any random variable z is the expected value of z squared, (2?), minus the square of the
expected value of z, (z)2. Thus the variance of the photon number n is (n?) — (n)%. We
have already found (n) = 1/(e® — 1) with x = hv/kT. To find (n?) we need to take two
derivatives of Z = > e™™ with respect to x, obtaining

82Z B Zn2e—n:c
or2 e

e (1 —e®) +2e 2
(1 —e=)3

) = 77!

= (I=e™)
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T e =
and the variance is
e T N
Thus the SNR for measuring the number of photons in a single mode is
SNR = U (n) (36)

var(n) N (n)2 + (n)

In the optical limit where (n) << 1 the n? term is unimportant and the SNR is just /(n),
the square root of the number of photons is one mode. We actually observe many modes. Let
m be the number of modes observed. Then the total number of photons seen is N = m(n)

and the SNR on the measurement of N is /m(n) = v/N.

For a bolometer detector with area A, sensitive to radiation at angle € in the projected
area A cos 6, the throughput AQ2 = mA. The variance in the energy received in t seconds of
integration is

v

var(E,) — 2 (rA) / <E>2(hy)2 () + (n) dv
kSTS zte®

= 2trA 1502 /(ex — 1)2dz (87)

We can do the integral by parts with ¢ = (e* —1)7! so dq = —e®dx/(e®* — 1)?, and p = z* so
dp = 423dx. Then

rte® 3 4t
—  dr =14 dr =4T'(4)((4) = — 88
| e =4 [ e = v - (59)
Now the NEP, or Noise Equivalent Power, is the standard deviation of the power in 0.5
seconds, since by the Nyquist theorem 0.5 second sampling gives a 1 Hertz bandwidth. Now
the power is P = F,./t, so the NEP is given by

1/2

167° AKST?

15h3¢? (89)

1/2
NEP = { ] = [8AospkT”]
Note that the units of NEP are Power/v/ Hz. The analysis above assumes the detectors is
not radiating any photons. If instead the bolometer is operating in thermal equilibrium,

there is an equivalent noise from the photons it emits, giving NEP = /16 Acsgk1>.

In thermal equilibrium we can find the variance of the energy on a bolometer by con-
sidering dS = dFE/T with the entropy S given by S = kInQ(FE) where 2 is the number
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of states. dS/dE = kdInQ)/dE = 1/T and taking the second derivative gives d*>S/dE? =
kd*InQ/dE? = —T~2dT/dE. But dE/dT is the heat capacity of the detector C. Thus the
variance of the energy, which is determined by d?InQ/dE?, is given by

) -1
var(E) = (_dd1£1;12§2) = kCT? (90)

For a thermal conductance G the time constant 7 is C'/G, the power is given by P = E/T,
and the variance of the power is

var(P) = kCOT*(G2/C?) = kGT? /7 (91)

For a filter with an exponential time constant the response is 77 exp(—t/7) for ¢ > 0 which
has a Fourier transform (27)7'/(iwr — 1). The response to power is the square of the
magnitude of this, giving a response oc (1 + (w7)?)~!. The integral of this from 0 to oo is
im/7 radians/second or (47)7' Hertz. Thus the time constant corresponding to a 1 Hertz
bandwidth is 7 = 1/4 seconds, so

NEP = VAkGT? (92)

If radiative coupling is the only source of the thermal conductance then G = 4AogpT?,
giving NEP = /16 AoggkT™ in accordance with the photon-based calculation.

4.2. Radio Astronomy

In the radio astronomy case we are in the Rayleigh-Jeans limit where (n) >> 1. In this
case the n! term drops out and we get a SNR for the number of photons in one mode is
1

SNR— WM _ ~ 1 (93)
(n)2 + (n) L+ (n)~*

Thus the SNR for one mode is just unity, and the overall SNR for m modes is just y/m.
But what is the number of modes observed by a radio telescope? The throughput dAdS) is
equal to A\? for a radio telescope, and only one polarization is observed. [The VLA has two
receivers per dish to observe both polarizations but we are only considering one receiver. |
The volume observed is ctdA where t is the integration time or length of the observation.
Thus the number of modes becomes

m = dS) (%)2 d—c”ctdA — (dAdQ) (%>2tdzj (94)

Since dAdQ = A\? and (v/c)* = A72, the result is m = tdv = Bt. Thus the SNR for perfect
radio observations is v/ Bt just as given by the Dicke radiometer equation.
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Fig. 2.— Left: The wavefunction for the n = 11 state of an harmonic oscillator. Right: The
resulting probability density function for 22 which is analogous to the output of a square-law
detector following a coherent amplifier.

4.3. Quantum Noise Limit

But any coherent detection system is not quite perfect. There is a small amount of added
noise caused by measuring the electric field of the incoming signal instead of the number of
photons. The electric field does not commute with the density matrix of a thermal photon
field, so an additional uncertainty is added. The electric and magnetic fields in an E&M mode
are like a harmonic oscillator, so consider a simple harmonic oscillator with Hamiltonian

2 2
P, kg
H=—+— 95
2m 2 (95)
with the oscillation frequency w = 27v = \/W The usual way to work with quantum
harmonic oscillators is to form the raising and lowering operators

a' = (p/vV2m +iq\/k/2) |V hv

and

a = (p/V2m —iq\/k/2)/Vhv.

Then

ke ik/mlpg—ap] _ p? ke hw
2m 2 2 2m 2 2
Thus H = hv(a'a + 0.5), and n = a'a is the number operator that gives which level the

harmonic oscillator is in. The product taken the other way gives aa’ = n + 1. The matrix

hv x (a'a) =

(96)

elements of a can easily be worked out: the only non-zero matrix elements are (n — 1|a|n) =
V1. Of course you get the matrix elements of a' just by transposing the matrix and taking
the complex conjugate of the elements, so (n|a'|n — 1) = \/n or (n + 1]a’|n) = v/n + 1

Finally we can represent the electric field as the displacement of our oscillator: E q.
But ¢ o i(a’ — @), so the electric field is proportional to i(a’ — a)/v/2 . The output of the
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square-law detector in a coherent system is then given by the operator
N = —-05(a" —a)* = 0.5[—a'a’ + a'a + aa’ — ad (97)

which is not the same as the photon number operator n = a'a. Figure 2 shows that even
when the system is in a definite state there will still be a range of measured E?’s. The
expected value of A in a thermal field with density matrix p,, = On.p, is given by the
trace of the density matrix times the operator. Since the density matrix is diagonal and
the trace is just the sum of the diagonal elements, we only need to evaluate the diagonal
elements of N giving

N =Tr(Np)=n+0.5 (98)

thus we estimate the photon number using # = N — 0.5. But we need the variance of N as
well, so we look at

N? =025 [a'a'a'a’ —a'a'a’a — a'a'aa’ — a'a’aa

—ataatal + a'aa’a + a'aaa’ — a'aaa

—aa'alal + aa'ala + aa'aa' — aa'aa

taaad'a’ — aaa’a — aaaa’ + aaadl (99)

Only the underlined terms above are diagonal and thus contribute to the expected value of
N?, giving

3 3

3 3 3
2 2 -1 —nx _7 o _m —
(N?) = Tr(N?p Ze < n +2n+4) S7(L 4 27) + 7+ (100)
Then the variance is given by
-2 1\?
var(N) = (N?) = N~ =2 (ﬁ+ 5) (101)

But the Nyquist theorem states that 2 samples per cycle are necessary and sufficient to
determine a band limited signal, and one can easily show for a Gaussian signal E(t) with
a power spectrum that is a boxcar of width B that samples of E(t)? separated by 1/(2B)
seconds are independent. Therefore the effect of the E field not commuting with the thermal
density matrix is to increase the variance of the photon number measurement from 7(1 + )
to m(1 +m) + 0.25 = (m + 0.5)2. Thus the noise after ¢ seconds of integration is given by
o(m) = (W + 0.5)/v/Bt. Since Ty = hvn/k, this gives

TA + hl//Qk‘
o(Ty) = ———— 102
so the appropriate system temperature to use in the Dicke radiometer equation is
hv
Teys =Th+ — 103
Y A + 2]{? ( )
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The second term above evaluates to 0.024 K/GHz and is the quantum limit for coherent
detection systems. It corresponds to one half photon per mode, which is the just the zero
point energy of the harmonic oscillators making up the E&M field.

Practical systems now achieve 0.3 K/GHz (for the Cosmic Background Imager) using
HEMT amplifiers, which corresponds to a photon number variance of (m + 7)%. Clearly
coherent detection systems will be disfavored when n << 1: in the Wien tail of the ambient
blackbody spectrum, or for A < 48 um at 300 K. Hence most optical and IR detectors are
incoherent, while most radio detectors are coherent.

4.4. Noise Equivalent Power

Practical incoherent detectors generate noise even when not being hit by photons. This
noise is usually specified in terms of the Noise Equivalent Power (NEP), which is the noise in
a 1 Hz post-detection bandwidth, or an 0.5 second integration time. Since the noise power
in a single mode system is given by o(P) = kBo(T4), we can relate the system temperature
of a coherent system to an equivalent NEP:

NEP = kT,,,V2B (104)

For the state of the art HEMT with a 10 GHz bandwidth and 15 K amplifier noise at 30 GHz
one gets an NEP of 3.5 x 107" W (Hz)~%5 which has only been achievable with bolometers
for the last few years. Clearly for smaller bandwidths B the effective NEP of a coherent
system is lower.

5. Stimulated Emission

The transitions between different atomic levels are caused by a perturbation Hamiltonian
AH = E-d where d is the transition dipole moment and E is the electric field. So absorption
and stimulated emission just correspond to time reversed version of the same interaction.
But why is there spontaneous emission? If there is no radiation, why isn’t AH = 0 giving
no transitions? The answer comes from our picture of the E&M field as a set of harmonic
oscillators. We can represent the electric field as the displacement of our oscillator: E q.
But ¢  i(al — a). The transition rate introduced by AH = E - d is proportional to |AH|?,
and the atomic physics part d does not depend on the number of photons in the mode. Thus
the rate from a state with n photons to a state with n’ photons is

n+1 forn' =n-+1;
n forn’ =n—1.

rate o< |(n|(a’ — a)|n)|* = { (105)

Therefore the downward transitions of the atom proceed with a rate proportional to n + 1,
where n is the initial number of photons in the mode. This gives an explanation for the
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existence of spontaneous emission, and shows that the Einstein A,,; coefficient for spontaneous
emission is equal to the Einstein B,; coefficient for stimulated emission when the intensity
is measured in units of photons per mode.

The Einstein By, coefficient for absorption differs from B,; only by a factor of statistical
weights: the rates are proportional to the number of “target states” for the transition, since
the rates to each sublevel in the final state must be summed to get the final rate. Thus when
intensities are measured in units of photons/mode,

Aul = Bul

Bu g1

— = = 106
Blu Gu ( )

5.1. Correction for Stimulated Emission

Note that for an intensity of 1 photon per mode, the number of absorptions per second
per atom due to oy, is

/ 010()87 (v /)2y = By, = %Aul (107)
!
SO \2
Ju
dv=—2"A4, 108
[owar=2- %, (108)
Integrating R&L 1.74 gives
A g
/Oé,,dV == nlg—ﬂ_;Agl (109)

after substituting Bia = (g2/91)Bar = (g2/91)(¢?/2h1*) Ay which is consistent with the
previous equation. [I use B for the Einstein B’s scaled to cgs intensity units used by R&L.
Thus one can use any set of intensity units to define the Einstein B’s but one has to be
consistent. The Einstein A’s always have units of s71.

Because stimulated emission is equivalent to negative absorption, a naive calculation of
the optical depth using

T = Nlo'lm (110)

with N; being the column density in the lower level and oy, being the absorption cross-section
from the lower to the upper level, will give the wrong answer. The corrected result is

B, Nu/gu
T =0 (Nl — NuB—l) = Nyow, (1 — ﬁ) . (111)
lu /Yl

This ratio of populations defines the excitation temperature T,, for the transition, so

Nu/gu _ — (£ — B
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Fig. 3.— Absorption and stimulated emission in the 0-1 transition of a harmonic oscillator
[red], the 1-2 transition [blue], and the 2-3 transition [green], as a function of exp(—hv/kT).

and the correction for stimulated emission is a factor of

(1—eXp (;;’Z)) (113)

Figure 3 shows the absorption and stimulated emission (negative absorption) in different
transitions of a harmonic oscillator.

An common example in astrophysics where stimulated emission is crucial is the 21 cm
line of neutral hydrogen, with A = 21.10614 cm, v = 1.420406 GHz, and A,; = 2.87E—15s7!.
Because hr/k = 0.07 K is so small compared to the actual temperatures even in the cold
interstellar medium, the atoms will be distributed among states according to the statistical
weight, with ¢ = 1 and g, = 3. Thus % of the atoms will be in the upper state, and the
total emission from a column density Ny of neutral hydrogen will be

//deVdS = 3hvA Ny /Am = 1.61 x 107 Ny erg/sec/cm? /st (114)
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For an optically thin column this gives the observed intensity, so [ I,dv = 1.61x107** Ny erg/sec/cm? /sr.
A Rayleigh-Jeans brightness temperature of 1 K over a bandwidth of 1 km/sec gives [ I,dv =

2k(v/c)?(1 km/sec/c)v = 2.94 x 107'° erg/sec/cm?/sr and is thus equivalent to a neutral

hydrogen column density of 2.94 x 1075 /1.61 x 10733 = 1.822 x 10'® atoms/cm?.

Now the integrated absorption cross-section is
A2 g,
oc(v)dy = —=—A, 115
[ ot =2 a (115)
and the integrated intensity without any stimulated emission corrections would be

/I,,du = NH/U(I/)B,,(T)dI/ = iNH(Zlﬁ)_lgg—“Auth/(exp(hy/kT) —1) (116)

this differs from the previous result by a factor of kT /hv ~ 1 — exp(—hv/kT).

5.2. No Stimulated Emission Correction for Dust

Since all atomic absorption calculations should include the correction for stimulated
emission, why does it not apply to dust? The absorptions in dust grains are due to optically
active lattice vibrations. Each vibrational mode can be treated as a harmonic oscillator,
and the excitation level n = 0, 1, ...of the mode can be called the number of phonons in
the mode, just as the energy level of a mode of the E&M field gives the the number of
photons in the mode. The dipole transition matrix element d discussed before is due to the
displacement of charges during the oscillation, and is thus proportional to the displacement
q of the harmonic oscillator. Thus the matrix element for the transition from a state with
n phonons to the next lower state with n — 1 phonons is proportional to y/n, and thus
the Einstein A which goes like the square of the matrix element (times a frequency factor
which is constant because all the allowed transitions in a harmonic oscillator have the same
frequency) varies like n. Thus the Einstein A’s satisfy Ay = 245, Asy = 344, etc. Since
the statistical weights are all unity we also have By = By = 2By, Bz = B3y = 3Bg;. If we
now compute the net absorptions from dust grains with column densities Ny, N1, Ny ...in
the various levels we get

net = NoBy + Ni(Bi2 — Big) + No(Boz — Boy) + ...
= NoByp + N1(2301 — Bm) + N2(3B()1 — 2301) + ...
= NuwBon (117)
Thus the net absorptions in a dust grain are just proportional to the total column density
(not the ground state column density) times the ground state absorption cross-section. This
cancellation of the stimulated emission correction for dust is a consequence of the infinite
ladder of states in a harmonic oscillator which all absorb at the same frequency. Figure 4

shows the total net absorption obtained by summing all the net absorptions up to a given
transition for a harmonic oscillator.
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Fig. 4.— Absorption minus stimulated emission in the 0-1 transition of a harmonic oscillator
[red], sum of the 0-1 and 1-2 transitions [blue], sum of the 0-1 to 2-3 transitions [green], sum
of the 0-1 to 10-11 transitions [gray], and sum of the 0-1 to 100-101 transitions [green], as a
function of exp(—hv/kT).

6. Solving Radiative Transfer Problems

The formal solution to the equation of radiative transfer

I,
4 =-1,+S5, (118)
Ky pds
is trivial when the source functions is known:
I,(r) = / S(7")exp(7" — 7)d7’" + exp(—7)I,(0) (119)
0

with dr = k,pds taken along the direction the ray has come from, not the direction it is
going toward. In R&L & is taken to be in units of cm?/gm, and the absorption coefficient «
is taken to have unit cm™! so o = kp.
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But the source function in almost never specified except in problem sets. Instead one has
various integral constraints like radiative equilibrium, which requires that radiation transport
not lead to net sinks or sources of energy, so the energy density at each point in a model
remains constant. This constraint is a non-linear function of the temperature, and it ties
together the equations for light rays traveling in different directions. The simplest example
of this is for a grey atmosphere. The power per unit volume absorbed by material is 47wa.J,
where J is the bolometric mean intensity. The power emitted is 4wa.S, and radiative equilib-
rium then gives the equation S = J. The simplest geometry is a plane-parallel atmosphere
or semi-infinite slab, and in this geometry we have

or

poo=I1—85=1-1J (120)

where 7 is the optical depth measured vertically into the slab, and p is the cosine of the
angle of the vertical. The ray coming straight out of the slab has p = 1 while a ray going
straight down has u = —1.

This linear integro-differential equation can be profitably attacked using two different
methods. These are the moment expansion method and the discrete ordinate method.

6.1. Moment Expansion

For the moment method, we multiply the equation by ", and then average over u. The
1 +1 oI 1 +1
— —dp = = I—-S)d 121
5| ngedn=s [ =Sy (121)
If we define H = [ pldp = = F this gives

result for n = 0 is

dH

=J-5=0 (122)

For the n = 1 case we define the radiation pressure, K = % [ #?Idu. The moment equation

1t o1 dK 1 [T
2/_1 Woodp = — 2/_1 p(l — S)du (123)

1S

If we try the n = 2 case we find we need another moment % [ 1*Idu so the process leads to
an infinite number of ordinary differential equations. To truncate this series we assume that
I(jt) = a + by which then gives K = $.J. Thus we get the equations

dJ

&= 3H

dr

it g (124)
dr
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Note that if we don’t assume J = S from radiative equilibrium, we have a second order
equation for J:
d*J
dr?

which will be useful later. But if we assume radiative equilibrium, then d?J/dr* = 0 so

—3(J = 59) (125)

J = a+ br. Now we need to set some boundary conditions to determine a and b. We want
the flux to be F' = oT so H = 0T /4r and thus b = dJ/dr = 3H = (30T} /4m).

At the surface we want the downward intensity to be zero for all y < 0. If we assume
the upward intensity is some constant value I, for all g > 0 then we find J = I,/2 and
H = I,/4. Thus we get the boundary condition J = 2H at the surface. Thus we find that

™ /1 3
J:H(2+37’) = O-ﬂ_e <§ +ZT) (126)

But J = ¢T"/r so the final approximate solution for a grey plane-parallel atmosphere is

1 3
T =(-+-7 T} 127
(5+57)7 (127)
These approximations: truncating the moment series by assuming K = J/3 and the surface
boundary condition J = 2H = (2/3)d.J/dr are known as the Eddington approximation (see
Eqn 226 - 3 in The Internal Constitution of the Stars by A. S. Eddington).

6.2. Discrete Ordinates

The second useful method for converting the radiative transfer equation into a set of
ordinary differential equations that can be solved is the discrete ordinate method. Choose a
set of 1’s and solve for I at these discrete values of 1, and then use this small set of values to
evaluate the integrals over p that are needed. The weights w,, used to approximate integrals
as

[ Hods 3wt ) (125)

are also needed. With two s the natural choice for the knots (points where I is evaluated)
are the knots for Gaussian quadrature with 2 points: p, = 41/4/3 with weights w, = 1.
This gives a set of equations
1 dI+ 1
= It (IT+ 1
V3 dr 2 (I +1)
1 dI~ 1
—_— = I = (IT+ I 129
V3 dr 2 (I +1) (129)
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We can transform these into

d[+ \/g + _
o = o =)
dI- V3.,

Subtracting these two equations shows us that (/T — /7)) is a constant, and since

H= %/uld,u = % (It—17) (131)

we see that dI*/dr = 3H and dI~/dr = 3H, so J = a + 3HT as before. The boundary
condition at the surface is I~ = 0 giving J = [7/2, H = I+/2\/§, so J =+3H at 7 = 0.
Hence J = (v/3 + 37)H and the 2-ordinate method (or two-stream method) gives

4 _ \/5 3 4
T = (T + 17’) Te (132)

Except for the small change in the constant term, this answer is identical to the Eddington
approximation. Which is correct? Actually neither answer is correct, but both are reasonable
approximations. Using 8 discrete ordinates Chandrasekhar (in Radiative Transfer, Dover)
finds

T = (0.5302 —0.0629¢ 119327 _ 0.0271e 15187 — 0.0071e "+ 4 27) T! (133)

The plot in Figure 5 shows the flux as function of optical depth for the Eddington, the two
stream, and the eight stream approximations.

My own feeling is the the eight stream method is a lot of work for a rather small
improvement.

6.3. Integral Operators

One can also use integral operators to represent radiative transfer, and then solving
radiative transfer problems is equivalent to finding a particular eigenfunction of the operator.
For example, the mean intensity in a grey semi-infinite slab can be found using

J(1)=0.5 /000 Ei(|7 —7)S(7)dr’ (134)

where E,(z) = [lexp(—zt)/t"]dt is an exponential integral. We can show this by finding
the contribution of an optical depth element at 7 to the intensity I(7,u), which is dI =
exp(|7 — 7|/p)S(7")d7’ /i which contributes dJ = 0.5exp(|7" — 7|/p)S(7")d7'dp/p to the
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Fig. 5.— Ratio of the actual flux to the desired flux for three approximations: two-stream
(solid), Eddington (short dash), and 8 stream (long dash).

mean intensity. Changing variables to ¢t = |u|™! gives dJ = 0.5E,(|7" — 7|)S(7")d7’. Note
that for 7/ > 7, only upgoing rays with pu > 0 contribute, while for 7 < 7, only downgoing
rays with @ < 0 contribute.

This relation can be written as a functional equation J = AS. Finding radiative equilib-
rium solutions then reduces to finding eigenfunctions of A with unit eigenvalue. There are an
infinite number of these corresponding to different values of the flux. Generally if S is close
to a radiative equilibrium solution, then the series AS, A2S, ...will converge to a radiative
equilibrium solution, a process known as A-iteration. Regions where .J is greater than S will
absorb more energy than they emit, so they will heat up, leading to a higher value of S.
A-iteration is a simple computational implementation of this approach to equilibrium.

We can also write the flux as
H(t)=0.5 {/ Ey(t" = 7)S(7")dr" — / Ey(t — 7)S(7")dr' (135)
T 0
or H = ®S. If the optical depth range is discretized so that S and H are vectors and ® is a
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Fig. 6.— Plot of the surface flux for an atmosphere with x o v (heavy solid line) compared
to a blackbody at T, (light solid line) and a greybody 1.52B,(0.8877,) (dashed line).

matrix, then the source function S which gives a constant flux H is given by S = ®~1H.

6.4. Non-grey Problems

What if the opacity is not a constant? Then a reasonable first guess is to use

2 4

where 7 is the Rosseland mean optical depth. The Rosseland mean absorption coefficient
is a harmonic mean (so 1/« is averaged instead of «) that is weighted by the derivative of
the Planck function with respect to temperature:

1 [a'%dy

— _J v or™" 137
oR fg—?dl/ (137)

1
T = (— + §TR) T (136)

The relationship between 7z and the real depth in the slab has to be determined by
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integrating the differential equation
drr = krpdz = apdz (138)

For a simple example, let us consider a situation where x,p = Av. We know that 0B/0T
T—1x%e®/(e® — 1) with o = hv/kT so we need to find

(1) = [alaterdr/(e? — 1)2]
fx4emd:(;/(em _ 1)2

(139)

These integrals can be done by parts, using dq = e®*dx/(e* — 1)? = d[-1/(e®* — 1)], so
[ amerdx /(e —1)? = [na"'dx/(e® — 1) = T(n+ 1)¢(n). Thus for a « v we get

(x)r = 4C(4)/¢(3) = 3.60 (140)
so krp = 3.6A(kT/h). Thus
1 3\
dTr = krpdz = (3.6AKT./h) <§ + ZTR) dz (141)
or J
TR (3.6AKT./h)d> (142)

G

This has the solution

6/1 3 \Y* /1\**
6 (5 + ZTR> — <§> = (36A]€Te/h)2 (143)
which can be rewritten as
N2 1/3
T="T, (2.03(A/<:Te/h)z + (5) ) (144)

If we now want to evaluate the surface flux F,,, we go back to the formal solution of the RT
equation, since with 7'(z) known we have specified the source function. If 7 is the optical
depth at v along a ray with direction u, the actual depth is

p= B TR (145)

kp  Av

3\ 1/3
T="T, (2.03(1{:T6/hu)7',u + <1) ) (146)

Thus

2

and the flux is Lo
F, = 27?/ / e "B,(T)drudu (147)
o Jo
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The integral over p can be eased by letting y = p?, and the infinite integral over 7 can be
simplified by letting w = exp(—7). Then

F,=n /0 1 /0 1 B, (T)dwdy (148)

A FORTRAN program to evaluate this is given below. Note that it takesh =k =c=1T, =1,
and drops the 7 in the definition of the flux:

C to compute flux from semi-infinite slab with tau \propto nu
C units: NU and T in units of T_e
C note that kappa_Ross = 3.6%T
REAL NU,NU3,MU
C13 = 1./3.
C1234 = 0.5%*x0.75
OPEN (UNIT=1,CARRIAGECONTROL=’LIST’,STATUS=’NEW’)
DO K=1,21
NU = 0.1%10.%%(0.1%(K-1))
NU3 = NU**3
SUM = 0.
DO J=1,100
Y = 0.01%(J-0.5)
MU = SQRT(Y)
DO I=1,100
W = 0.01%(I-0.5)
TAU = -ALOG (W)
T = (2.025*MU*TAU/NU + C1234)**C13
SUM = SUM + NU3/(EXP(NU/T)-1.)
ENDDO
ENDDO
SUM = SUM/100%*2
B = NU3/(EXP(NU)-1.)
WRITE (1,FMT=’(F8.5,2F12.8)’) NU,B,SUM
ENDDO
STOP
END

Figure 6 shows the surface flux computed by this program along with a blackbody at
T, and a cooler greybody with T" = 0.8877. and emissivity ¢ = 1.52. Because the opacity
is less at small frequencies, more radiation escapes at low frequencies, making the spectrum
appear colder. But the total flux remains the same, so the emissivity needed to match the
observed spectrum is greater than unity. If this were a brown dwarf with radius 0.1 R and
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Fig. 7.— The bolometric flux versus depth in a non-grey semi-infinite slab with «, = v,
h = 17 k= 17 Te = 17 and T = (05 + 0.75TR)0.25'

T, = 1000 K, a blackbody fit would give 7' = 887 K and R = 0.123 Rs. The flux versus
depth is shown in Figure 7. The peak error in the flux is about 5% which is no worse than
the two stream approximation to the grey problem.

7. Non-LTE

In some circumstances the approximation that the source function is equal to the Planck
function at the local temperature breaks down. One common example of this involves line
formation in a resonance line. A resonance line is the lowest energy line connected to the
ground state of a species. As a result, an ion excited to the upper level of the line will usually
decay back down to the ground state by emitting another line photon. Thus the opacity in
the line is dominated by scattering, while the continuum is dominated by absorption.
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Fig. 8.— Plots of vJ,, vB,, and vF, versus v for several depths in a non-grey semi-infinite
slabwith a, = v, h=1,k=1,T, =1, and T = (0.5 + 0.7575)%?. Note how the condition
J = B expected in radiative equilibrium is very quickly established, and how the isotropic
part of the radiation field (J) becomes much greater than the anisotropic part (F') as the
depth increases.

36



7.1. Two Level Atom

Consider a medium filled with idealized two level atoms, with two levels separated by

E = hv. Let the collisional de-excitation rate be C', while the radiative de-excitation rate

is the Einstein coefficient A,;. Since there are only two levels, the subscripts on A are not

needed and I will drop them. If electrons are responsible for the collisional de-excitations,
then

C= ne<av>ul (149)

In thermal equilibrium the rate of collisional excitations n;n.{cv);, has to equal the rate of
collisional de-excitations n,n.(ov),; by the principle of detailed balance. In thermal equilib-
rium n g
— = exp(—hv/kT 150
" 9 cxp(—hw /AT (150)
So one gets

<Uv>lu Ny Gu
= — = —exp(—hv/ET 151
(ov)u M g p( /KT) (151)
In addition to collisional processes one also has spontaneous and stimulated radiative de-
excitation, and radiative excitation. The total equation for the time derivative of n, is
ony,
ot
Using By, = (gu/91)Buw and By, = Ay/Ji (where J; = 2hv(v/c)? is the intensity for 1 photon
per mode), this becomes
on.,
; = nl(gu/gl)e_h”/kTC' —n,C +ny(gu/g) AT Ty — nyA —n,AJ)Jy (153)

Assuming dn,, /dt = 0 gives statistical equilibrium and a population ratio

Nu/Gu e WIRTC - AT,

= mne(oV)p, — NyNe(ov)w — Aynyg — Budny, + B Jny (152)

= 154
nl/gl C+A+AJ/J1 ( )
The source function is found from j/a. The emissivity is
nyAhv
= 155
I Ay (155)

where the power in spontaneous emission has been spread into 47 steradians and a bandwidth
Av which is just used to give the correct units and cancels out in the end. The absorption
coefficient v comes from the absorption cross-section

o hv By, _ (gu/g1)Ahv
Y AnAv 4 J; Av

and with the correction for stimulated emission we get

a, = oymy (1 - "“/g“) (157)

nl/gz

(156)
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Fig. 9.— The residual intensity in the solar K line. Notice that the line profile is close to an
absolute value function.

Taking the ratio gives the source function:

J nu/gu nu/gu) Ji
S === 1-— = 158
a m/g / ( i/ g mfo g (158)

nu/gu

If LTE holds then (n;/g;)/(ny/gu) = €™/*T and

- e /KT _ 1

S = B,(T) (159)

But LTE does not hold so we substitute the level ratio from statistical equilibrium giving

C+ A1+ J/N) JieT*C + AJ
_ — = 1
§=A/ < eC 1 AJ/ ], (l—e")C+A (160)
If we define a \C
— 6_:2
‘= (I—e=)C+ A (161)
we get
S=eB,+(1—¢€)J, (162)

For cases where collisional rates are much less than the radiative rates (strong lines and low
densities), € can be very small.

7.2. Mixture of Scattering and Absorption

The source function in a pure scattering case is S, = J,, while in a pure absorption case
it is B,. For a mixture of scattering and absorption we have

S, =eB,+(1—¢,)J, (163)
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Fig. 10.— One minus the reflectivity vs. the fraction e of absorptions in an isotropic scattering
semi-infinite plane-parallel slab from the Monte Carlo code. The red curve is the prediction
from Eqn 170.

where € is the ratio of absorption to total extinction:

ay

(164)

€ =
v a, + o,
This form for the source function is the same as that derived for the two level atom, but for
a mixture of scattering and absorption the scatterers and absorbers can be different species
instead of different de-excitation mechanisms.

If the line is strong, the optical depth in the line will be much larger than the optical
depth in the continuum, so if the temperature follows T* = T4(0.5 + 0.757con:), the Planck
function will be effectively constant over the line formation region. If the line opacity were
true absorption, then the residual intensity in the line would be ~ B,(0.5%%T,)/B,(T.)
which is fairly large. But many resonance lines have residual intensities which approach
zero. This is caused by the line opacity being dominated by scattering.

Let us solve the equation of radiative transfer with constant B. The equation is

d*J

T2 =3(J = 8) =3(J ~ (B + (1~ ¢)J) =3¢(J — B) (165)
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This has the solution

J = B+ Aexp(—V3er) + Cexp(+V/3er) (166)

Clearly the coefficient C' = 0 to prevent the solution from blowing up at large depth. The
coefficient A must be set to satisfy the boundary condition J = 2H = (2/3)dJ/dr. This
gives
B+ A=—(2/3)V3eA (167)
so the solution is
B

A= T emva (168)

The outgoing flux is

_Ld BV (169)
3dT 34 2V/3¢

Taking the value for € = 1 as the continuum in this model gives the residual intensity is

R VB+2V3) (170)

(3 4 2v/3¢)

which goes to zero as € goes to zero. In fact, for a strong line with a Lorentz line profile, o, =
Aa,/(1+ (Av/w)?), we have € o (Av)?, and the residual intensity is R oc \/(Av)? o |Avl.
Just this kind of triangular line profile is seen in the solar H and K lines. Figure 9 shows
the actual solar K line along with the R given above using a line center o, that is A = 1250
times larger than the continuum opacity, and a HWHM (Half Width at Half Maximum) for
the scattering of w = 0.046 nm. This is a pretty good fit for such a simple model.

Why is the residual intensity of a scattering line so low? In the line, the atmosphere
becomes a good reflector with a high albedo. An incident photon will scatter many times
before being absorbed, and it has a high probability of escaping back into space. An object
with a high albedo has a very low emissivity, so the the radiation from the star in the line is
very low. To see how this works out with the equations, consider a cold scattering slab with
an incident flux F, in the straight down direction. This flux gives a direct contribution to
the mean intensity of

Foe™™
.= 171
J. = (171)
There will also be a diffuse scattered radiation field J,. The source function is
Foe™™
S=eB+(1—¢e)J=(1—-€)Js+(1—¢) yp (172)

where the Planck function has been set to zero since the slab is cold. The Eddington
approximation gives
d?J,
dr?

Foe ™
47

=3(J,— ) =3eJ, — 3(1 —¢) (173)
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This has a solution of the form J, = Cexp(—7) + Aexp(—+v/3e7) and the coefficient C is

given by
—3(1 —€) £,

1—3e 4r
The Eddington boundary condition J = 2H = (2/3)d.J/dr gives A+C = (2/3)[—C —+/3¢A],
S0

C= (174)

—(/3)C 5(1— ) F,

= = — 175
1+ (2/3)vV3e (1 —3€)[1+ (2/3)V/3e] 4n (175)
and the surface mean intensity is
2—2 F, 2F, /4
Jr=0=A+C= ( V39) — = 4 =2H(t=0)
(1 —36)[1+ (2/3)v3el4m (1 +v/3e)[1 + (2/3)V/3€]
(176)
Since the reflected flux F'is 4w H, the reflectivity is
ArH 1
ki (177)

Fo o (14+3e)[1+ (2/3)V3¢]

and it goes to unity as € — 0.

7.3. Monte Carlo Calculation

It is easy to do a Monte Carlo calculation of the reflection from a scattering atmosphere.
The pseudocode would be:
Repeat many times for statistics:
Start a ray at z = 0 with p = /U(0,1)
Step: compute path length s = —In[U(0,1)]; z < 2 + su
If 2 < 0 then REFLECTED
If U(0,1) < e then ABSORBED
uw=2U(0,1)— 1; go to Step

U(0,1) is a uniform random number generator for the interval 0..1. The ray starting
procedure generates p(u)dp = 2udy using the square root.

An actual Monte Carlo code in FORTRAN follows:
C MC-scat.f
REAL MU

REAL ABST(14)/.001,.002,.005,.01,.02,.035,.05,.07,.1,.15,.2,.35,.5,.7/
EXTERNAL RAN
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CALL RANDOMIZE
DO 60 IABS=1,14
AB = ABST(IABS)
NREF = 0
DO 40 IMC=1,10000000
Z = 0 ! start ray at surface with random down direction
MU = SQRT(RAN(IR,JR))

20 U = RAN(IR,JR) ! find new scattering position
IF (U.LE.O0.) GO TO 20
S = -ALOG(U)
Z = Z+3*MU
IF (Z.LT.0.) GO TO 30 ! REFLECTED

IF (RAN(IR,JR).LT.AB) GO TO 40 ! ABSORBED
MU = 2*RAN(IR,JR)-1 ! pick new direction and loop
NSCAT = NSCAT+1

GO TO 20
30 NREF = NREF+1
40 CONTINUE
60 WRITE (*,FMT=’(F5.3,F8.5,2H P)’) AB, (1.E-7*NREF)
STOP

END

Figure 10 plots the output of this code compared to Eqn 170. The agreement is quite
good.

8. Atomic Structure

Chapter 10 of R&L

In this chapter the semi-classical theory of atomic transitions is worked out. The E&M
field is treated classically while the atom is treated as a quantum system. Since a classical
field has no zero-point motion, the semi-classical theory can not be used to compute spon-
taneous emission directly. Instead we calculate the rate of induced transitions which give
the Einstein B coefficients, and then use the standard relationship between the Einstein B’s
and the Einstein A to get the spontaneous rate.
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8.1. Electric Dipole Transitions

R&L take a roundabout way to reach the electric dipole approximation to the interaction
Hamiltonian. But if we assume the wavelengths are much longer than the size of an atom,
and that the electrons are moving much slower than c, it is clear that the energy shift caused
by an incident traveling E&M wave is just

Hi=Yq=Y ¢ Bt)=d-Et) (178)
The time dependent Schrodinger equation is

ov
th— = HV 179
5 (179)
We work in the basis of stationary states of the atom in which the unperturbed Hamiltonian
is diagonal. Each of these stationary states has a time dependence of e=“#n*/" If we start
in state 1 and look for transitions to state 2, then we see that the probability amplitude,

evaluated as a first-order perturbation, is

o) = / (2|1}t = / (2(di1y - B(t)dt (180)

Let [ be the direction of the polarization of the electric field. Then the probability of a
transition, which is the square of the complex magnitude of the amplitude, is

2

[(2/d]1) - 12

Prob(1 — 2) = =

(181)

/ e E(t)dt

wt

where the frequency is given by hw = Es — E;. The integral of the electric field times e
over time is the Fourier transform of the field:

~

1 .
B(w)=— [ ¢“'E(t)dt 182
@ =5 [ e (12)
We can also write this probability as
T
Prob(l - 2) = / Blgj,,dt (183)
0
where By, is the Einstein B and J, is the mean intensity. The total fluence in the E&M

pulse is
T T c T o
/ / A ], dvdt = / Sdt = — / E(t)%dt = ¢ / |E(w)|?dw (184)
0 0 4 Jo 0

where S is the Poyntyng vector. We see that

|E(w)]® = g/T J,dt (185)

C
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since dw = 27wdr and thus

T
Prob(l — 2) = / Blgj,,dt
0

oIy - 12 . ~ 2
BT RN
872 A T
= (2|d[1) - l|2/ J,dt (186)
0
Thus the Einstein B is -
T ~
Bis = | (2ld1) - 1 (187)

Since the dipole moment and the polarization are usually randomly oriented, and the spher-
ical average of cos? 6 is 1/3, we get finally

872

el 2ld]n)? (185)

Bl2 =

which agrees with R&L Eqn(10.27). This is the correct value when the levels are not degen-
erate. If there are several degenerate levels then the formula becomes

g1 g2

82 1
By = m|d|1,) 189
e 5 I (159

n=1 m=1

where we have averaged over the initial states and summed over final states. If we evaluate
this for the reverse transition from 2 — 1, we have the same sum of degenerate levels but
divide by ¢, instead of g;, so we get

g1B12 = g2 B (190)

So far it hasn’t mattered which level has higher energy but for spontaneous emission it does.
Assuming that level 2 has higher energy, we get

A 64743 1 I &
Agy = 2hv (E> By = o ZZ\ nldlL) (191)

8.2. Permanent Molecular Dipoles

For most atomic transitions the radial integral changes drastically between different
angular momentum values, but for molecules with a permanent dipole moment p the only
things that change in the pure rotational series are the J and m of the rotational states. In
this case there are some simple regularities. The overall transition rate between J, m and

44



J',m' is given by

87.(.2“2
BJm,J’m’ - W

2
< / Y7, cosf YJ/m/dQ)

2
+ < / Y sin 6 cos ¢ me/dﬂ) + ( / Y7 sinfsin ¢ YJ,m,dQ)

2 (192)

The quantity within the brackets is always a rational number with denominator (2J+1)(2J'+
1), and it vanishes unless J' = J+1or J'=J —1and m' = m — 1, m or m + 1. Table
1 shows the values of this transition strength for the individual subtransitions. The values
have been multiplied by 105 to clear the denominators. Notice that the matrix is symmetric
and that each row and column sums to unity (the J = 3 rows are incomplete because the
transitions to J = 4 have not been included).

J, o 1 1 1 2 2 2 2 2 3 3 3 3 3 3

m| 0 -1 0 1 -2 -1 0 1 2 3 -2 -1 0 2 3
Jm'
0 0] 0 3 3 3B 0 0 O 0 o o o0 o o0 o o0 o0
1 -113 0 0 0 42 21 7 o 0 o o 0 0 0 o0
1 3 0 0 0 0 21 28821 0O O O O O O O O
1 1{3% 0 o0 O 0 o 7 21 42 0 O O O O 0 O
2 210 42 0O O O O O O O 4 15 3 0 O 0 O
2 -1, 0 21 21 0 O O O O O O3 24 9 0 0 O
2 0}, 0 7 28 7 O O O O O O O 18 27 18 0 O
2 110 021 22 0 O O O O O O O 9 24 30 O
2 210 0 0 42 0 O O O O O 0o O 0 3 15 45
3 3,0 0 O 045 O O O O o0 o o o0 o0 o0 o0
3 2,0 O O O 1L 3 o0 o O o0 o o o0 o0 o0 o
3 -1, 0 0 O O 3 24 18 0 O O O O O O o0 o0
3 0,0 o0 o O o0 9227 9 0 0 0 0 0 0 o0 o0
3 17,0 0 O O O O 18 24 3 0O O O O O 0 O
3 2,0 0O O O O O 030 15 0 o o 0 0 o0 o0
3 3,0 0 O O O O O o045 O O O O 0 o0 o0

Table 1: 105 times the value of (Jm|sinfcos®|J'm')?> + (Jm|sin@sin¢|J'm')? +
(Jm| cos 0| J'm’)2.

If we do the summation over all the m’s and m'’s of the value in the [ ]’s in Eqn(192)
we get max(J, J'). When we evaluate the Einstein A we average over the initial states so we
divide by 2.J, + 1. This gives us
64rtPp? J+1

3hed 2J+3

Ay = (193)
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If we write the radiated power instead we get

64mthutp® J +1 B 4otp® J+1

Poog=hvA = = 194
= 3he®  2J+3  3¢3 2J+3 (194)
In the classical limit this should agree with the Larmor formula:
2q¢%a? 22 2wy’
Pupy==-—==-—=== 195
¢T3 33 3 3 (195)

The classical limit would be as J — oo so (J +1)/(2J +3) — 1/2 and our result does agree
with the Larmor formula.

The energy of pure rotational states is given by BJ(J + 1) plus centrifugal distortion
terms. Then the frequency of the J + 1 — J transition is 2B(J + 1)/h. Thus the Einstein
A’s are given by
3A0(J + 1)1
2] +3
This formula is pretty accurate for CO, and it says that A3 is 85.3 times higher than A;g.
For this reason the excitation of the high-J lines in C'O is generally considered to be an
indication of high density which leads to high collision rates which can compete with the
rapid radiative de-excitation.

A,y = (196)

The dipole moment of CO is 0.122 Debye, or 0.122 x 107!8 esu-cm. One electron charge
at 1 A radius would be a dipole of 4.8 Debye, so CO has a rather small dipole moment. This
gives an Einstein A;g = 8.8 x 107® sec™!. The cyanogen radical CN has a much larger dipole
moment, = 1.45 Debye, or 1.45 x 1078 esu-cm. This gives an Ao = 1.2 x 107 sec™!, for
a radiative life-time less than a day. Thus the excitation temperature of the 1-0 transition
in interstellar CN is mainly determined by the temperture of the CMB.

8.3. Harmonic Oscillator

If we consider a three dimensional harmonic oscillator with spring constant k, mass m
and charge e, then we have w = \/k/m. The raising and lowering operators

al = (po/V2m + iz/k/2) [V hv
and
ax = (pe/V2m — iz /k[2) [V hv

(and similarly for y and z) allow us to find the matrix elements of the dipole moment. If
we denote states by n,n,n, then there are three states |100), [010) and |001) with energy
hv above the ground state. Linear combinations of these states form a J = 1 triplet. The x
component of the dipole operator is d, = —ie\/hv/(2k)(al, — a,). This gives (000|d,|100) =
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ien/hv/(2k) because (nlaln + 1) = /n+1. The other matrix elements of d, are zero:
(000/d,|010) = (000|d,|001) = 0. The d, matrix connects the |010) state to the ground
state, and the d, matrix connects the |001) state to the ground state. Thus

g1 g2

SN 1 2uldiL) ”“’ x3 (197)

n=1 m=1

and the Einstein A is
g1

6443 1 & 647T4V3 ehy  2wie? 2w2e?
A = m|d|0)]F = = = 198
10 3hed gy Z Z [(Lm] | 3hed 2k 3kc3 3me3 (198)

n=1 m=1

where I have changed the 2,, notation to 1,, and 1,, to 0,, because the levels are the 0** and
1% levels. A classical oscillator with energy F' = kz? /2 has an average squared acceleration
of (a?) = wlz?, . /2 so the radiated power by the Larmor formula is P = (2¢%(a?)/3¢®) and
the rate of decay of the energy is

P 2e20t
R 1
E  3ke 10 (199)
Note that the oscillator strength of this system, defined (see R&L Eq(10.29a)) via
hvme sm2hvme 1 S~ & 8r2hvme e*hv
= —— m|d|0) 3=1 200
Jou Ar2e? 70 T Ar2e23h2c 90 z:lmZ:l| | | T 4m2e23h%c 2k . (200)

This is the origin of the term oscillator strength.

The integral of the absorption cross-section for the oscillator is given by

A2 g, N gy 280 me? g,
d A= —% =
/U(V) v 87 g 107 8r g 3mc? 3me g

(201)

The higher levels have higher Einstein A’s with A,,,_1 = nAj,. We discussed this
for a one dimensional oscillator in §5.2 but we can also work it out for a three dimensional
oscillator. There are six states that have E' = 2hv: these are |200), |[110), |101), |020), |011)
and |002). The matrix element of x between any two states is non zero only if n!, =n, +1
and n,, = n, and n), = n,. The squares of the non-zero elements of are given by the larger
of n, and n!. Then the individual sublevel line strengths are given by

| |200) [110) |101) |020) [011) |002)
1100) 2 1 1 0 0 0
010) 0 1 0 2 1 0
1001) 0 0 1 0 1 2

and the sum over all sublevels is 12 for the 2-1 transition as opposed to 3 for the 1-0 transition.
But the statistical weight for the n = 2 level is go = 6 as opposed to g; = 3 so the Einstein
A which is oc [ D (20| 1,)]?]/ g2 is exactly Ay = (12/6)[A10/(3/3)] = 2410.
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8.4. Line Broadening

Atomic and molecular lines have three kinds of broadening: the natural line width,
collisional broadening, and Doppler broadening. The natural line width can be computed
by considering the radiated field from an excited atom as a function of time. This will be
given by

E(t) o< exp(—iw.t) exp(—At/2) (202)

The At/2 term, when squared, gives an exponential decay in the power with a rate given by
A. The Fourier transform of this wavetrain is

A

B(w) o [ilw —wo) — A/2] 7 (203)

so the power goes like
1

A2+ (A)2)2
and the FWHM in rad/sec is A and the FWHM in Hertz is A/2.

Bw)P (204)

In general a state can decay by many different lines, and the exponential decay of the
E field will depend on the sum all the Einstein A’s. Thus we should compute

l

where the sum goes over all lower levels [. Thus the line profile goes like

1
o(v) o AL2 + (7, /47)2

(206)

Of course the lower level will also have a width given by ~;. This will also broaden the
lines. In order to allow for this broadening we need to convolve two Lorentzians. The Fourier
transform of 1/(x? + a?) is o< exp(—|k|a), and the FT of 1/(x? + b?) is o< exp(—|k|b), so the
product of the FTs is oc exp(—|k|(a + b)), which is the FT of the convolution and obviously
just another Lorentzian with a width given by a + b. Hence the natural broadening of a line
gives a Lorentzian profile with a FWHM in Hz of (v, + v,)/27.

For collisional broadening one has a random process where the phase of the exp(—iw,t)
term is reset randomly with a mean time between resets of 7.. One or more phase resets
guarantee at zero expection value between E(t)* and E(t — 7). The probability of no resets
before T is exp(—7/7.) so the auto-correlation function is

A(T) x exp(—7/7.) (207)

The power spectrum is the Fourier transform of the autocorrelation function, so this will
give another Lorentzian. The net result is a Lorentzian profile with a FWHM in Hz of
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(Yu + Y + 2/7:)/2m. For the Lyman-« line, the lifetime of the excited state is 1.6 ns, so
Yo = 6 x 10% sec™!. This leads to a FWHM of 10® Hz.

Doppler broadening due to thermal and turbulent motions will lead to a Gaussian
broadening profile. The velocity distribution in a Maxwellian is

p(vy) o exp(—4mv®/kT) (208)

Thus the standard deviation of the radial velocity is ¢ = \/kT/m. For hydrogen at 10* K this
is 9 km/sec. The FWHM of Lyman-« caused by this dispersion is Av = 2.36v,+/kT /mc? =
1.8 x 10 Hz. While this is much wider than the FWHM of the Lorentzian, the line profile
will still be dominated by the Lorentzian in the wings. Even though the convolution of two
Lorentzians with widths a and b is another Lorentzian with width a+b, and the convolution of
two Gaussians with widths a and b is another Gaussian with width /a2 + b2, the convolution
of a Gaussian and a Lorentzian is a new kind of function called a Voigt profile.

The Voigt function is given by
Viwion) = [ 6a'io)Lie — ') (209)

with G = exp(—3(z/0)?)/(0v/2r) and L = ~/(w(2? + +?)). The Gaussian has a FWHM
fa = 0v8In2 = 2.360, and the Lorentzian has a FWHM f;, = 2v, and the FWHM of the
Voigt is approximately fir = 0.5346 f; +1/0.2166 f2 + f&. When fg >> f1, as is usually the
case in astronomical lines, the FWHM is determined by the Doppler broadening. But the
far wings will still be dominated by the Lorentzian, with V(x) ~ L(x) for |z| >> 0.

For Lyman-o, with A = 6 x 10® sec™!, the integral [odv = 0.011 cm?Hz, and the
Lorentzian HWHM is v = 5 x 107 Hz. Thus

0.011 x 5 x 107
(A2 + (5 x 107)2)

_ 210
0= (210)
This cross-section is 7 x 107! cm? at line center, which is huge, and it is 0 &~ 1.75 x 10° / Av?
in the wings. For a column density of Ny = 10%° cm™2, optical depth unity will be reached
at Av = 4.2 x 10'2 Hz, which is 2.1 A off-center. The integral [(1 —exp(—1/22))dz = 3.345
so the equivalent width of the absorption line produced by Ny = 100 em~2 will be 7 A.

The curve-of-growth describes how the equivalent width of a line grows as a function
of the column density of a line. This will depend on the line formation circumstances: an
intervening interstellar cloud will have a different curve-of-growth than a stellar atmosphere.
For the interstellar cloud, either absorption or scattering will remove a photon from the
transmitted flux. In a stellar atmosphere, a scattered photon has a good chance of eventually
escaping from the star. In the interstellar case, the equivalent width is given by

W, = /(1 —exp(—71))dr = N, /O'(I/)dl/ —O(*) +... (211)
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A2 g, A2 2hy 2hv 4m%e? me?
/O'(I/)dl/ = S Aul = gv lu = 8—7Th,l/mcflu = %.flu (212)

Now N, is given by N; = Ng,exp(—E;/kT)/Z so the equivalent width scales with Ngf for
low 7.

N 8%5

Once the line becomes optically thick in the center, the curve-of-growth starts to satu-
rate. The linear growth of W with Ngf turns over toward a v/Ngf form when the damping
wings are optically thick. When the central optical depth is small for a Lorentzian line with
HWHM = ~ the equivalent width is 7y7.. When 7. >> 1, the damping wings reach 7 =1 at
Av = /7, so the equivalent width is 3.345v,/7, since [(1 —exp(—1/2?))dz = 3.345. These
two branches are equal when n7, = 3.345,/7, or 7. = (3.345/7)? = 1.13. When Doppler
broadening is added in, the central optical depth is lower, and the linear part of the curve-
of-growth stays on the same line but continues to a higher value before the line center gets
optically thick. There is then a “flat” part of the curve-of-growth until the square root part
is reached. The flat part is not completely flat, but only grows logarithmically with Ngf
so it is nearly flat. The damping wings are not affected by the Doppler broadening, so the
square root part of the curve is not affected.

When discussing line shapes, the width of the Doppler broadening Gaussian is usually
specified by a b parameter, which is the half-width at 1/e in the Gaussian. Thus b = v/20.
This difference between b and o is related to an alternate definition of the Voigt function,

_a [ exp(=y*)dy
H(a,u) = - / PR py— (213)

given in R&L Eqn(10.77). In terms of this function the line profile is

_ H(a,u)
N \/7_TAI/D
with a = T'/(4rAvp) and u = (v — v,) /Avp.

¢(v) (214)

9. Diatomic Molecules

Chapter 11 in R&L.

The Born-Oppenheimer approximation calculates the electronic energy for various states
with the nuclei in a molecule at a fixed separation r. Since the electrostatic potential is not
spherically symmetric, the total angular momentum is not a good quantum number. But
the potential is axially symmetric, so the component of the angular momentum along the
internuclear separation axis is conserved. The orbital momentum along this axis is called A.
If A=0,1, 2, 3,... the states are called X, II, A, ®,....
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For the n' electronic state, this gives an effective potential energy V,,(r). For a bound
state, there will be a minimum of this effective potential at some r,. This will lead to a
moment of inertia I,, = ur2, where the reduced mass is y = M; M, /(M;+M,). The rotational
energy will be £ = WK (K + 1)/2I where K is the rotational quantum number. This is
usually written as E,,, = BK(K + 1) with B = h?/2I. The allowed lines with AK = 1 have
photon energies hvgi1 x = B[(K + 1)(K +2) — K(K +1)] = 2B(K + 1).

There will be a ladder of vibrational states that are close to equally spaced as in a
harmonic oscillator. The spring constant in the n'* electronic state is k, = 92V, (r)/0r?
evaluated at r,. The vibrational spacing is then AE, = hi\/k,/p. The same spring constant
controls the centrifugal distortion of the rotational energies. The kinetic energy due trnas-
verse velocities is L?/(2ur?) which leads to a centrifugal pseudo-force L?/(ur?®). This then
gives the stretch of the internuclear separation,

2

L

This gives a change in the moment of inertia,

2 2
Al _ 2& _ 2L _ 2ubtK (K 4+ 1) (216)
I r Ky prt k12

In addition, the stretching of the bond gives an energy change of

NN L (217)
—gman = 2k, 26
The rotational energy is
L? L? L?  L? 2L2 L? L4
Bg=sr=mo = (218)
21 2I(1+AI/I) 2 2 kyur* 21 kypu?rS
The stretching energy plus the rotational energy becomes
L? L4
E(L) = —————
(L) 21 2k, p?r6
_ RPK(K+1) R'EK*(K+41)
N 21 2k, p?r6
= BK(K+1) - DK*K +1)*+... (219)

where B = h?/21 and the correction term for rotational distortion D is

4 4 2\ 3 3
po_ " _ e no)_ 4B (220)
2k p2rs 2k, (ur?)3 2pur? 2k, (hw,)?

For CO, with B = 1.9225 cm™! and Aw, = 2169.756 cm™!, one estimates D = 0.00000604
cm~! compared to the measured 0.00000612 cm~'. For H,, with B = 60.853 and hw, =
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4401.121, both in cm™!, the estimated D is 0.0465 cm~! compared to the measured 0.0471

cm~!. The agreement of Eqn(219) with the empirical data is quite good, but note that

Eqn(11.29) in R&L gives a distortion correction (the K?(K + 1)? term) that is a factor two
too large because they did not include the energy due to stretching the bond.

The frequencies of the K + 1 — K lines are given by

hvgpxk = B(K+1)(K+2)—BK(K+1)— D(K+1)*K +2)*+ DK*(K +1)°
= 2B(K +1)—4D(K + 1) (221)

The selection rules for pure rotational lines are

1. d#0
2. AK = +1

9.1. Vibrational-Rotational Bands

If the vibrational level changes during a transition, the selection rules are:

L. d(d)/dr|,=, # 0

2. Av =41

3. AK =+1for A=0
AK =0,+1for A#0

The energy of the lines are
hv = hwyy, + By K'(K'+1) — B,K(K + 1) (222)

where fiw,,, is the difference in energy between the v' and v vibrational levels. If K/ = K —1,
one has the “R” branch. This has frequencies

hv = hwyy + By(K? — K) — By(K? + K) = hwyy, — (By + B,)K + (By — B,)K? (223)
If K’ = K, one has the “Q” branch. This has frequencies
hv = hwyy + (By — By) K(K + 1) (224)
If K" = K + 1, one has the “P” branch. This has frequencies

hv = hwyy+ By (K? 43K +2) — By(K?* 4+ K) = hwyy + (By + By) (K +1)+ (By — B,) (K +1)?
(225)
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Because of the K? terms, the line frequencies can become stationary at some value of K in
the P or R branch. This causes a pile up of lines at the stationary frequency, creating a band
head. The band head will occur at 2(K + 1) = —((By + B,)/(By — B,)) in the P branch if
this is positive, or at 2K = ((By + B,)/(By — B,)) in the R branch if this is positive. One
of these quantities will always be positive, so band heads are a universal phenomenon.

Usually in vibrational transitions, the mean radius and hence the rotational constant B
do not change much, so the band head may occur at such a high value of K that it is not
very prominent.

9.2. Electronic Transitions

If there is a non-zero dipole moment matrix element between two electronic states, there
will be a series of vibrational rotational bands associated with transitions between the two
electronic states. In the case of electronic transitions, the mean separation of the nuclei is
usually quite different between the upper and lower states, so the B values are quite different,
and the band heads are very obvious.

10. Ionization Loss

Consider a particle of charge Ze moving with Lorentz factor v through a medium with
free electrons. Let the particle have an impact parameter b relative to an electron. We will
assume the motion of the electron is negligible during the passage of the ion, so the force can
be calculated without following the motion of the electron. The force gives the acceleration
which we integrate to get the final velocity imparted to the electron. The field seen at the
initial position of the electron is

—vZe(vt, b,0)

EO = G o

(226)

Note that the ion is at y = b so the the electron is at y = —b relative to the ion, and this
gives the minus sign above. Thus the acceleration of the electron is

vZe? (vt b,0)

M) = s @+ (P 220

the integrated velocity change is all in the y direction:

’)/Ze? / bdt Ze2 / dx
Avy = = 22
R (02 + (yt)2)32 " mebv | (14 a2)3/2 (228)
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with = yvt/b. Setting z = tan @ gives dz = sec® 0df = (1 + x?)df so

dr w/2
/W = /_W/2 COS 9d9 =2 (229)

Thus the velocity change of the electron is

27¢%;
AT = 230
! mebv (230)
Then the kinetic energy of the electron after the passage of the ion is
1 .  27%*1
KE = §mev = W (231)

This energy is lost by the ion. The total energy loss is obtained by integrating over the
number of collisions with impact parameter b that occur while the ion travels a distance dzx.
This number of collisions is 27wb db dx n., giving
_dE _ AnZ%e*n, db (232)
dx Mev? b
This logarithmically divergent integral is very common is problems involving the Coulomb
interaction. We need to identify the minimum and maximum impact parameters that are
relevant. For a solid material the electrons can only be treated as free if the effective frequency
of the electric field pulse of the ion is greater than the ionization threshold of the material.
The effective frequency is w ~ ~yv/b. Setting hw > I gives

h
D = % (233)

where [ is the effective ionization energy for the material. The minimum impact parameter
is set by the larger of two limits: the classical limit where Av = v which gives

27
o, =2 (234)

min mevg

or the quantum limit where the orbital angular momentum of the electron in the ion’s rest
frame, ymeovb, is h:

b2 I (235)

min ,ymev

We need to use the larger of these limits. If we set them equal we get

27¢? _h

mv:  ymw
v e 2v7
= g == 236
c T he T 137 (236)
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Usually the velocities are greater than ¢/137 so the quantum limit is used. Then we get

(237)

dE _ AnZ%e'n, n (nymevz)
I

dx Mev?

Typically m.v? is a few hundred keV and I is a few tens of electron volts so the logarithm
is about 10 4+ 21n+. For practical purposes dF/dx is usually converted into energy loss per
mass column density using n, = Z,,p/Anmyg where Z,, and A, are the material atomic
number and atomic weight, and p is the material density. This gives

E 4 Z2 4 Zm 2 . 2
o d _ AnZie Zn | (7'Mev (239)
pdxr  mpmov? A, I
For almost all materials Z,,/A,, ~ 0.5, so we can write
dE ~_ 2mZ%! ﬁ‘22Zm<10+21n )
pdr ~ mpmec? Am !
3 8met mec? 22, 72
= 2 € 2mZ (10 191 )
43m2c* myg A /62( oy
7.50rmec? 27, Z*?
~ Z (14021 )
A (102
27 7
- 1.5A—§(1+0.21n7) MeV/(gm/cm?) (239)

The minimum value of (1 + 0.2Inv)/3% is 1.36 at 8 = 0.96, so the minimum ionization loss
is about 272 MeV/(gm/cm?).

11. Bremsstrahlung

When the electron is moving instead of the ion, then the electron loses energy by radi-
ation. This radiation is called bremsstrahlung which is German for braking radiation. It is
also called free-free emission because the electron goes from one unbound orbit around the
ion to another unbound orbit. But since the Larmor formula only applies in the electron’s

rest frame, we will analyze exactly the same collision that we considered for ionization loss.

Thus
vZe? (vt b,0)

— t —

e (RN S
and the power radiated is P = (2/3)e%a?®/c®. Since the collision has an effective duration of
b/~v, the total energy radiated is approximately

b 2v272e8 2y Z%eb
W= /Pdt ~ v 3m2btc3 ~ Im2b3cdv (241)

(240)
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ay(t)

vtlb
a,(t)

Fig. 11.— x and y axis acceleration vs time.

If we integrate this over the distribution of impact parameters, we find that the integral goes
like [b~2db and is dominated by close encounters. Since we have not treated the orbits in a
self-consistent way, and since the closest encounters need a quantum treatment, we cannot
accurately evaluate the total radiated power.

We can do much better with the power per unit frequency, however. By Parseval’s
Theorem

/ " a(t)dt = 2n / " Ja(w)2dw = 4 /0 " aw) 2w (242)

[e.e] — o0

where a(w) = (27)~! [ e™*a(t)dt. Since the total power can be written several ways:

2¢? 9 8me? [ ., < dW
W = g/a(t) dt = o /0 la(w)|*dw —/0 %dw (243)
we can identify the power per unit frequency as
aw  8me? .
= e law)P (244)
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Fig. 12— Fourier transforms of the x and y axis accelerations.

Thus we only need to find the Fourier transforms of the acceleration components:

i, (@) inez/ exp(iwt)dt
W orma? | L+ (ot /b))
(W) = 1 ze /(Vvt/b) exp(iwt)dt
B e (1 + (yvt/b)?)3/2
_ wday(w)
= B (245)

We can easily see that the singularity closest to the real ¢ axis in the upper half of the
complex t plane is at t = ib/yv. Since this is the start of a branch cut, we cannot use
contour integration to easily evaluate the integral, but we can predict that the large w
behaviour of the integrals will go like exp(—|w|b/vv). The low w limit can be found as well:
for the z-component a,(0) = 0 because the function being integrated is odd, while for the
y-component we get

iy () - (246)

1 Ze? / dx Ze?
(1+22)32  wm.bv

- %mebv

By looking in the NBS Mathematical Functions book we find an integral representation
of a modified Bessel function of the second kind, giving
€ikxdl’

2K, (k) = / Ty (247)

Since K;(z) ~ z~! for small x, and K,(z) ~ /7/2ze" for large x, we find that our simple
determinations of the limiting behaviour of a,(w) are correct.
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Now we can evaluate dV/dw at low frequencies, which is produced only by a,. This
gives

2| 702 |? 726
aw _ 8me e _ 87%e (248)
dw 3c3 | mmebu 3mm2b?c3v?
The energy radiated per Hertz is given by
aw aw 16225
=9 = 249
dv "o Im2b2c3v? (249)

Now we have to integrate this result over the number of collisions per second. In the
lab frame, with the ions at rest, the collisions go as 2w n; bdbvdt. In the electron’s frame,
there is an extra factor of . This factor of v can be viewed as coming from the Lorentz
contraction of the x-sepeartion of the ions or it can be viewed as coming from time dilation:
1 second of the electron’s clock is v seconds in the lab frame. This gives the energy per unit
time per unit frequency in the electron’s rest frame as

aw 321y Z2%e5n; db
dvdt — 3m2cdv b

(250)

We need to define the limits of the logarithmically divergent integral over b. The outer
limit is set not by the ionization potential of the material but rather by the frequency being
observed: we need the argument of the exp() function in the power, 2|w|b/yv, to be < 1 or

YU
b <bper ==— 251
The quantum inner limit is
h
YMev
w0 db b 2 2
max /7 mev
— =1 =1 =InA 2
b n(bmm> n( 2w ) " (253)

Note that in the non-relativistic limit this automatically gives a cutoff when hw = m.v?/2
which is very reasonable since an electron cannot radiate a photon with more energy than
it starts with.

11.1. Thermal Bremsstrahlung

Thermal bremsstrahlung occurs from non-relativistic plasmas where the electrons have
a Maxwellian velocity distribution. We need to average the radiation as a function of velocity
over this distribution. First let us write the radiated power per unit volume:

dW o 1666n6niZ2 hl bmam
dwdVdt — 3m2cdv

(254)

bmin
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The Gaunt factor ¢ is defined as

gry(v,w) = ? In <bmax> (255)

bmin

so we get
dw 16me’ n.n; 2>

dodVdt — 3\3m2é o grr(v,w)
Now we need the normalized integral of 1/v over the Maxwellian for velocities such that the

kinetic energy of the electron is greater than fiw. The Maxwellian is v? exp(—mwv?/(2kT))dv
SO we want

0 2 0
19 —1mu kT / e ET —hv
dy = — dor = — — 257
/ vovexp ( 2T ) v Me v(min)? /2kT ¢ v me exp kT ( )

v(min) m

(256)

with # = mov?/(2kT). The normalization we need is given by

o —ma? 2kT KT [
/0 v? exp( 27]?; )dv = \/%%/0 Vze tdx (258)

/oo Vawe ™ dr =T(1.5) = (0.5)! = g (259)

Therefore the normalized integral of 1/v over the Maxwellian is

fvo(omm) ve™*dv 2m —hv
) = A e (2 260
e dy kT P < KT ) (260)

This integral

Thus we get
dw 167e" 2m —hv
= NITYATY — ) 777 261
dwdVdt ~ 3v3mzes N wkr P ( KT )gff (261)
or in terms of v:
dW 32/273/2¢6 —hv

nen; Z*T Y2 exp ( ) 777 = 474, (f f) (262)

dvdVdt ~ 3/3m> k1203 KT

A practical formula is

475, (ff) = (6.8 x 1073% erg/sec/cm?® /Hz)n.n; Z*T /% exp (;—Zﬁj) Tr7 (263)

where T is in Kelvin. Note that the Gaunt factor g7 (7', v) is the average of the Gaunt factor

gsr(v,v): -

fv(min ve grp(v,v)dv
fvo(omin ve~*dv

For 107 < hv/kT < a few, the range of the Gaunt factor is 1 < g77(T,v) < 5. It shows a

slow logarithmic increase toward low frequencies due to the w™' dependence of byae/bmin,

grr(T,v) = (264)

and this causes the freqeuncy dependence of j,(ff) to be close to v7%! instead of °.
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11.2. Total Free-free Cooling Power

The total power radiated by thermal bremsstrahlung is given by

dtdV o dvdVdt h 3v3m k12 B
= (1.4 x 10727 erg/sec/cm®)n.n; 22T g5 (265)

where T is in Levin. The bolometric Gaunt factor is in the range 1.1 < gg < 1.5.

11.3. Free-free Absorption

Kirchoft’s Law gives us

1 dw
) an(F BT — LW 266
J(ff) = (ff)B.(T) A dvdV dt 1260
Therefore
45 2T
_ ~1/2 72 -3 _ —hv/kT\——
() = g\ P 2271 — T (267)
Thus /
—2—3/2
o o e 227774 VL for << I 208
(ff) grf { V_3T—1/2 for hy >> kT ( )

The Rosseland mean opacity is needed when deep inside a star. This is roughly the opacity
at hv = 4kT for a smoothly varying opacity. This means that exp(hv/kT) is large, so

ar(ff) o< T-V2(kT/h)*nen; 2% o n®T~7/? (269)
In practical units this is
ar(ff) = (1.7x107% em™) T-72Z%n.n;gx (270)

If air with n = 3 x 10! cm™ were singly ionized at T' = 10* K, this opacity would be
ag(ff) =1.7cm™!: so you would not be able to see the end of your nose!

When the opacity is given in terms of x in cm?/gm then since kp = a o p?, we have
ko p/T7? (271)

This is known as Kramer’s law for opacity.
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11.4. Relativistic Bremsstrahlung

When v > 1 we have to transform dW/dvdt from the electron’s rest frame in which
we have evaluated it into the lab frame. The radiation in the rest frame has zero net 3-
momentum, so the total power is the same in all frames. But the maximum frequency in the

lab frame is v/ = VU4 in the rest frame. Thus the power per unit frequency in the lab

frame is reduced by a factor of y~!, but there was a factor of ¥™! in the collision rate due
to the Lorentz contraction of the ion distribution. Thus the power radiated per electron per

unit frequency in the lab frame is

dW\' 16Z2%%n, b
— 'll max 2 2
< dw ) 3mvc? . <bmm) (272)

As we did in the non-relativistic case, we set by = Yv/2w. We set by, so that the logarithm

goes to zero when fiw = ym,c?. This gives by, = h/mcc, the reduced Compton wavelength
of the electron. We get the total energy loss by integrating dWW/dw from 0 to E/h, giving

dE 16Z2€6niE bmax
S iy O 273
it~ 3m2cih < N (bmn)> (273)
It is more common to express this energy loss per unit mass column density instead of per
unit time. Then n; = p/Amy and dx = cdt, so

dE 16 [ Z? ef bmaz
_— = =2 =)—— _ _FE{In
pdx 3 \A ) mgm?2hcd bmin
2 62 or 22 bmax
lﬂ'hcmH(A)<n(bmin)>] & (274)

The quantity &, is known as the radiation length. It is 36.5 gm/cm? for air, 58 gm/cm?
for hydrogen, and 5.8 gm/cm? for lead. The short radiation length for lead means that a
given mass column density of lead is more effective at stopping relativistic electrons (and
v-rays with £ > 1 MeV) than the same mass column density of other materials. A practical
formula for the radiation length is

£ = 716 A gm/cm?
*Z(Z+13)[In () + 1]

(275)

11.5. Pair Production

The relativistic bremsstrahlung reaction e~ + Z — Z + e~ + v and the pair production
reaction v+ Z — Z + e~ + et are identical under the crossing symmetry where a particle
is replaced by its time-reversed anti-particle. A photon is its own anti-particle. This means
that the ratio of pair production to relativistic bremsstrahlung is the same as the ratio of the
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Fig. 13.— An input blackbody, and an S-Z distortion for y = 0.15 computed incorrectly
using the 1% order result outside of its range of validity (in red), and the correct result using
the convolution with a Gaussian in s in blue.

phase space available for the outgoing particles. As long as the ~-ray energy is >> 1 MeV,
there are two relativistic particles in each final state, so the rates are the same. This means
that the radiation length is also the mean distance for pair production by high energy ~-rays.

12. Sunyaev-Zel’dovich Effect

The Sunyaev-Zel'dovich effect is the distortion of an input spectrum by scattering off
moving electrons. The CMB spectrum is the usual input spectrum, and the electrons are
usually taken to be non-relativistic, giving restrictions

hv << kT << m.c? (276)

These lead to substantial simplifications. When a photon collides with a stationary electron,
its wavelength gets longer due to the original flavor Compton shift, increasing by an amount
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of order the Compton wavelength, \. = h/mec = 2.4 x 107!% cm. If the photon wavelengths
are much longer than this, the wavelength shifts are all due to Doppler shifts, and just
multiply the input frequency by a factor that is independent of the input wavelength. If £T°
is much less than m.c?, then non-relativistic Maxwellian velocity distributions and Doppler
shifts can be used. In a typical application of the SZ effect, CMB photons with energies
hv ~ 1 meV are scattered by an electron population with kT ~ 10 keV, so hv is 5 x 108
times smaller than m.c?, but a typical electron has an energy only 25 times smaller than
mec®. Thus the kT << m.c? restriction is more likely to be violated.

Consider an electron moving with 5 = v/c through an isotropic distribution of photons
with frequency v.

A photon approaching with angles m — 6 to the electron’s velocity has 4-momentum

h
Pt = %(1; —cosf,—sind,0) (277)

if we make the x axis the electron’s velocity vector and put the photon direction in the xy
plane. Then the photon momentum in the electron’s rest frame is

P =" (14 By (8 + ), — sind,0) (275)

Now let the photon scatter off the electron, leaving with angle 6’ to the x axis. For now
we ignore the true Compton shift, so the energy of the outgoing photon is hv” = hv/ =
(7(1 4 Bu))hv. Note that 6 = 0 corresponds to a photon traveling in the same direction as
the electron, while # = 0 corresponds to a photon traveling in the opposite direction as the
electron. The 4 momentum after scattering is

!

h
Z (1;cos @', sinf’, 0) (279)

w
p =

Now let p/ = cos#’. Then the 4 momentum after scattering back in the lab frame is

i h" / N <in @’
P =L+ Bp); (B + ) sin 6, 0) (280)

We finally get the ratio of the lab frame energy after scattering to the lab frame energy

before scattering;:
"

— =71+ Bp) (1 + By) (281)

We want to find the average value of this ratio, which will tell us the total energy transfer
from the electron to the photons, and also the typical frequency of the output photons. In
order to find the average, we need to know the probability distributions for the scattering
angles p and p'.

A first guess would be that p(u) should be a uniform distribution since this corresponds
to an isotropic initial photon field because d2 = 2mwdu. But head-on collisions (u = 1)
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will happen more frequently than stern chase collisions (x = —1). In fact, the rate of
photon collisions has exactly the same Doppler shift factor as the photon frequency, so
p(p) o< (1 + Bu). Normalizing this in the range —1 < p < 1 gives the probability density
function (pdf):

1+ fu
plp) = —
Note the function you integrate to find probabilities in a given distribution is called the

probability density function and should not be confused with the distribution. Rybicki &
Lightman approximate the distribution of x4’ with a uniform distribution, corresponding to
isotropic scattering. This gives a pdf

(282)

1

P () = 5 (283)

With this approximation we can easily find the average ratio:

<%> = // (L+ Bu)(1 + Bu")p(pw)p' (1) dpdy’
= 5 /%ﬁﬂ)du/;(lﬂtﬁu)

() )

The ultrarelativistic limit is (4/3)7?

However, electrons do not scatter isotropically. If the actual scattering angle is 1, the
scattering rate is proportional to (1 + cos?). We can write cos as

costp = — <,u,u’ + /1 — p2y/1 — pi2 cos qb) (285)

where ¢ is the dihedral angle between the plane defined by the x axis and the incoming
photon and the plane defined by the z axis and the outgoing photon. The rate of scattering
into 4/ will be proportional to the average of (1 + cos?) over all ¢’s. Thus the true pdf
p' (i) for Rayleigh scattering electrons is given by

. 3 21 d
P = g/o (1+COSQ¢)£

3 2T d¢
= g/ [1+u2u’2+2uu’\/1—uzx/l—u’2008¢+(1—u )(1 — %) cos? cb] =
0
_ 3 -]-‘l' 2 12 1 1 2 1 2
= 3 W +§( — ) (1 =)
33 1
= 2121 2,02\ ~/,2 2
8_2( +nt) = Sl +u)]
_ 3 [ 2 3 2 1 3 1 12
-3 (2“ 2) T
1 1
= [frnan +5) (256)
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where Py(x) = 2% — 1 is the 2" order Legendre polynomial. The (3/8) factor normalizes
the pdf:
3 1
/p’(u’; ndp’ = 2 [3 + = - g] =1 (287)

for any value of y. Note that the distribution of 4’ does depend on p, but is this dependence
is not the probability density function for u. By writing u following a semicolon, we mean
that p is a parameter that modifies the y’ distribution. The joint pdf for p and p’ is given
by

p(p, 1) = p(p)p' (15 1) (283)

But the pre-scattering angle we need is not really p, which is measured in the lab frame,
but rather the pre-scattering angle in the electron’s rest frame, whose cosine is given by
(B4 w1)/(1 4 Bu). We can now find the average ratio:

<ﬂ> = // (L+ Bp)(L+ B )p(w)p' (W (B + 1)/ (1 + B))dpdy’

v
(1+Bp
=7 / — a dp
313 ﬂ+1u ? 2 1 B‘FM ? 2 / /
X (= |1+ - = + 1+ d
/8[2< [1+6u]u At G (1+ Bu)du
2
= (1 + %) (289)
To get the last line of this result, note that p’(y') is always an even function of p', so
[ Bu'p' (W)dy' = 0 and the integral [(1+ Bp/)p’(1/)dp’ = 1 Thus the average is exactly the

same as the result calculated in the isotropic scattering approximation used by Rybicki &
Lightman.

12.1. Variance

The mean shift is quadratic in 3, while the typical Doppler shift is 3. The square of
4+ will interact with the second derivative of the input spectrum to produce a contribution
quadratic in 3, and thus of the same order as the mean shift. Therefore we need to know the
variance of the frequency shift as well as the mean shift to compute the effects of electron
scattering to the leading order in 3. The maximum possible output:input ratio is v2(1+ 3)?,
but since 72 = (1 — 3?)~! = (1 + B)71(1 — §)~!, the maximum energy can be written as
(1+3)/(1 =), which is the square of the relativistic Doppler shift formula. The minimum
possible output to input ratio is v*(1 — 3)? which can be written as (1 — 3)/(1 + 3). Note
that this is just one over the maximum ratio.
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Let R =" /v be the output:input ratio. Then we can find the pdf for R using
pr(B) = [ [0 =320+ 801+ By (s (54 )/ (1 + Gy

= // (R—=~*(1+ Bu)(1+ Bu)) +ﬁ“[ Py(i/)P, (16:/6”) }d .
(290)

In the isotropic approximation this is easy to evaluate: do the integral over ' first, so the
delta function integrates to [y?3(1 + Bu)]~!. This cancels the pu dependence of p(u), so the
result for pr(R) is proportional to the amount of the u range that is compatible with a given
R. This is all of it for R = 1, and from p = 87'[(1 — B)R — 1] to 1 for R > 1. Thus
pr(R) declines as a linear function of R from a maximum at R = 1 to zero at R = R =
(1+p)/(1 —B). For R < 1 the range in g is from -1 to u = 7[(1 + B)R — 1], so again
pr(R) declines linearly from the maximum at R = 1 to zero at R = Ry, = (1 —3)/(1+ ).

Finally we can calculate the mean squared output:input ratio which will give the vari-
ance. In the isotropic approximation used by R&L, this quantity is

<<ﬂ)> ) //74(1+ﬂu)2(1+ﬂu’)2p(u)p’(u’;(ﬂ+u)/(1+5M>>dﬂd“/

_ 7/ 1+ﬁu3/ 1+ Bu')? il

_ (1+ ﬁu {1 6_}
B 3
= 4 [1+62} {1+%2
4 1
= [1 =+ §ﬂ2 + 564} (291)

This differs from the exact result only in the 3% term which is sub-dominant for kT << m,c?

12.2. Effect on an Input Blackbody

The Planck function is a fairly broad input. In terms of a logarithmic frequency variable,

= In(hv/kT,), with T, being the temperature of the input blackbody, the number of
photons per unit of s is < B, o €3*/(exp(e®) — 1). The peak of B, is when x = hv/kT =
2.82 or s = 1.04. The second derivative of the Planck function at the peak is given by
d*In(B,)/d*s = —2.46. This is —1/0? where o is the standard deviation of a Gaussian that
osculates the Planck function in the s-In(1,) plane at the peak, so the effective “standard
deviation” of the Planck function in terms of Inv is ¢ = 0.64. Another way to estimate an
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effective standard deviation is to use [ G(z)dx = V2w G,y for a Gaussian G(x). This gives

_[Bds 240411

R~ = = 0.67474 292
7 V2r By 2.5066 x 1.42144 (202)

This is quite wide, and it can hide a number of details of the scatterings in the S-Z process.
In particular, only the things that add like the mean shift and the variance of the shift are
important in lowest order.

In terms of As =In(R) ~ (R —1) — 2(R—1)? + ... the mean shift and the variance of
the shift are given to lowest order in 3 by

<As):<R—1)—(%(R2—2R+1)>+...m§62—%(1—;—2)62262+... (293)
and )
var(As) = ((R—1)%) = 562 +... (294)

Now the standard deviation of v for any one component of @' is \/kT/m., so the mean of
the squared magnitude of 3 is (%) = 3kT/m.c*. The mean number of scattering events is
given by 7, and the overall spectral shift and variance will both scale like y = (KT /m.c*)T
with the mean shift being 3y and the variance of the shift being 2y. Hence the distorted
spectrum will be a convolution of a Gaussian having mean 3y and o = /2y with the input
spectrum:

[S(y) = /Is—i-s’ (y - 0)p5(—$/)d$/

[ hcti= O)exp<—<%y>2/4y> o (265

Here I is I, at s = In(v/v,) where v, can be chosen for convenience if the input spectrum
is a blackbody using hv,/kT, = 1. The first above line can be used for kT ~ m.c? if the
correct form is used for p,(s), while the second line used a Gaussian approximation to ps(s)
that is good for kT << mc?. If we expand I,y ~ I+ §'(0I/0s) + 35*(0?1/0s®) + ... then
we get a partial differential equation that approximates the integral equation above:

ol or  0*1
R el Wit
dy Os = 0s?

(296)

Note that this vanishes for either a constant I, or for a constant number of photons/mode,
I, x v® oc 3. If I, follows the Rayleigh-Jeans law with I, oc €?*, then 01 /0y = —21I.

We can transform this into an equation in terms of n, the number of photons per mode,
by letting I = e3*n, which gives

or 350N
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0?1 ol on n
—- = 3= 3 3s 7" 3s” 7
0s? 0s e 0s e 0s?
on on 9n
s 3 3s 7" 3s "
¢ dy “ Bs e 0s?
on on  n
e T 2
gy~ 555 o2 (297)
Finally we can write this in terms of x = e* as
on _ 10 (.00
oy  a20z ox
10 ([ 40n
—= _—— T —
x3 0s ds
1 L0n ;0%n
on  0*n
S 2
3 EP + 952 (298)
This is thus one part of the Kompane’ets (1957, Sov. Phys. JETP, 4, 730) equation,
on 10 |, ,  On
-7 - 299
oy 2?0z [x <n+n +8x)} (299)

Since @ = hv/kT,, when hv << kT, both x and dx are very small, so the dn/0x term is much
bigger than the n + n? terms. Without the n + n? terms the equation is homogeneous in x
so there is no tendency to drive the photons into equilibrium with the electron temperature.
This is an adequate approximation when hv << kT,.

Note that the energy density of the photon field, U o [na?dz, grows in a simple way

0 3 B on 5. 0 Lon
8y/nx dv = /8yx dm_/xﬁx <:c 83:) du
on
= — 4— = 3
- / (3: 02:) dz / Ax’nda (300)

where the last line above involves integrating by parts twice. We see that OU/dy = 4U.

with y:

There is a simple solution to the Kompane’ets equation with non-zero dn/dy which
gives the Sunyaev-Zel'dovich (1969, Ap. & Sp. Sci., 4, 301) or y spectral distortion. For a
blackbody n = 1/(e® — 1), and neglecting the n + n? terms in the Kompane’ets equation we
get

oy Or O
L, 0 ate”
= —X _—
Or (e* —1)2
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_, 2xte® — (e — 1)(4a3e” + zte®)

- (e =18

2% — Axe* 4 dwe” + x?e”

B (ev —1)°

L r(e" 4+ 1) —dx(e” - 1)

- e

_ (;f . (:1:; - 1 = 4) (301)

Thus the change in intensity due to y is (to first order)

oI, 2h?  xe” e’ +1
— —4 ith == hv/kT, 302
Jy 2 (er —1)? (xex -1 ) with & = hv/ (302)

The derivative of the Planck function with respect to 7' is given by
oB,(T) 2mw?  ze®

T =
T T @ (e 1) (303)
so 01,/0y can be described as a changed Planck brightness temperature:
T+1
T,,:Toll+y<:c:xi—1—4>+...]. (304)

These formulae all assume the initial spectrum is a blackbody, and that y << 1, but there are
many figures in the literature that are inaccurate because they used these first-order formulae
for y ~ 0.15 and the higher order terms are already quite important. Figure 4 in Sunyaev &
Zel’dovich (1980, ARAA, 18, 537) and Figure 1 in Carlstrom, Holder & Reese (2002, ARAA,
40, 643) are examples of these inaccurate figures. Figure 13 shows the inaccurate result in
red and the correct result in blue.

12.3. High Temperature Corrections

If the temperature violates the kT' << m.c? restriction one can still use the first line of
Eqn(295) with the correct ps(s) but the Gaussian approximation to ps(s) becomes inaccurate.
When a single scattering can cause a shift equal to the “standard deviation” of the blackbody,
os ~ (.64, one expects to see deviations from the Gaussian approximation. This happens
for (14 3)/(1 —B) = %% so B = (%5 —1)/(*%* + 1) = 0.31, or for a kinetic energy of
26 keV. The median electron energy is higher than this value for k7T, = 22 keV. This is not
that much higher than the temperatures of X-ray emitting clusters of galaxies, so one can
expect corrections at the 10% level to be common. Since the corrections are produced by
scatterings that produce the biggest shifts, and these are enhanced by the effects of non-
isotropic scattering, we need to work with the full p/'(4/; ) instead of the R&L isotropic
approximation.
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Fig. 14.— Probability distribution for electron speed 3 when kT, = 0.05m.c?> = 25.6 keV.
The median § = 0.334.

Note that one does not need to modify the Thomson scattering cross-section unless hv
in the rest frame is comparable to m.c?. Since the CMB photon energy is about 3 meV this
is not necessary. Even for a very high electron energy with 3 = 0.9 the photon energy in
the electron rest frame is less than 20 meV which is <<<< m.c? so the Thomson scattering
cross-section applies.

To find ps(s) one can modify Eqn(290):

B+ p
1L+ Bu

pa(s; B) = / / 5(s — P (L + ) (1 + B )p(o)p (s Yy (305)

The integral over 1/ can be performed (see Wright 1979, ApJ, 232, 348) giving

e [ () () oo ()

65
-

2(1+ Bu) ]

and with the range in p running from ji,,:,, = 37'[(1 — B)e® — 1] to 1 for s > 0. For s < 0,
one can use the fact that py(—s) = e 3p,(s).

with
,u/ — 6—1 |:
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Fig. 15.— The probability density function for the frequency shift s in a single scattering
by an electron gas with kT, = 0.05m.c®> = 25.6 keV. Also shown in red is the Gaussian
approximation for y = 0.05.

Once ps(s; 3) is found, the integral over the relativistic Maxwellian is needed. The
momentum of an electron is p = myBec. Phase space goes like p?dp, and dp = mey3dS, so
the probability of an electron having a given beta is

_ _ 2
R e S G (307)

The final single scattering probability density function for s is then
psiT) = [ pulsi a3 )3 (308)

Figure 15 shows this function for kT, /m.c? = 0.05 along with the Gaussian approximation
for y = 0.05. While these functions are similar in centroid and width, the differences are
easily seen.

But the single scattering probability density function is not the final answer, since even
with 7 = 1 there will be some photons that are never scattered, and some photons that are
scattered twice. The probability density function for unscattered photons is §(s), while the
pdf for twice-scattered photons is ps(s;T) % ps(s; T), where % denotes a convolution. The
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Fig. 16.— Left: The frequency shift probability density function for 7 = 1 and kT, =
0.05m.c®> = 25.6 keV compared to the Gaussian approximation for y = 0.05. The grey bar

has the correct area for the delta function representing unscattered photons. Right: the
same for 7 = 0.1 and y = 0.005.
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Fig. 17— Left: Intensity change caused by y = 0.0005 for several different fixed tempera-
tures and the hot intergalactic medium proposed by Field & Perrenod (1977, ApJ, 215, 717).
The crossover frequency clearly goes up as the temperature goes up. Right: the intensity
changes converted into AT p.

resulting pdf for s after an optical depth of 7 is given by
-1 -2
ps(s;T,7) =€ 7 |d(s) + Fps(s; T) + gps(s; T) % ps(s;T) + ... (309)

Figure 16 shows this density function compared to the Gaussian approximation with the
same y = 0.05. There are clear differences between the densities.

One can compute the intensity change produced by a small 7 by convolving the input
Planck function with p,(s;7T") and then subtracting the input Planck function:

KT, 01, 0lI,
mec? Oy Ot

= ps(s; T) * Bues (To) - BV(TO) (310)

Figure 17 shows the distortion produced for y = 0.0005 at several temperatures using this
first order equation. The frequency at which the effect goes from negative to positive depends

on the temperature as

hv, kKT,
T T, ~ 3.83 + 4.345mec2

The slope of the T" vs. v curve through the cross-over also changes significantly with kT, /m.c?.
This dependence can be fit fairly well as

(311)

02 In(T)
0x0y

T -1
= (1.149 9.5 ) (312)

MeC2

T=x,

as shown in Figure 18. Finally the sensitivity of observations at 30.3 GHz as done by the
Combined ARray for Millimeter-wave Astronomy (CARMA) goes down slightly as T, goes
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Fig. 18.— Left: Crossover frequency wvs. electron temperature using the the exact ps(s; T, 7)
formulation. The point at zero temperature is the crossover for the usual S-Z formula. The
line shown in red is a fit z, = 3.83 + 4.345(kT./m.c?). Right: the slope, 8> In(T)/0xdy, at
the crossover frequency vs. T,. The red curve is 9> In(T)/0zdy = 1/(1.149+ 9.5(kT,/m.c?)).

up, being 8% down from the standard low frequency result of AT/T = —2y at kT, = 15
keV, as shown in Figure 19. An approximation to the plotted results is

AT B —y
To |, 405 CHy  0.512+ 0.998(kT./m.c?)

(313)

12.4. Kinematic S-Z Effect

The electrons in a cluster of galaxies will also distort the spectrum of the CMB if there
is net radial velocity of the cluster relative to the CMB rest frame. The change in tempera-
ture for the scattered photons is given by AT = —(v,..q4/¢)T, since a positive radial velocity
corresponds to a redshift. The change after passing through a cluster with optical depth 7
is AT /T, = —Tv.qq/c. This shift raises or lowers the crossover frequency, but since the tem-
perature distortion near the crossover depends on three parameters, 7, kT, /m.c?, & vyaa/c,
and measuring the crossover frequency and slope only provides two independent data values,
one will definitely need other information like an X-ray measurement of 7, to be able to find

Urad-

Ignoring all the changes to the cross-over frequency and slope with 7, one still needs
to know T, in order to convert the measured y into an optical depth. Assume one has found
the cross-over frequency x., so

AT TUrad kT,
~— 0.87(z, — 3.83 =0 314
T, c + (@ )7_mec2 (314)
Then LT
Urad _ .87(x, — 3.83) ¢ (315)

c MeC?
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Fig. 19.— S-Z signal at ¥ = 1.01/cm per unit y as a function kT, /m.c?.

shows a simple fit to the points, dInT/dy = —(0.512 + 0.998kT, /m.c*)~'.

The red curve

When we include the changes in slope and cross-over due to high temperature effects, the

equation changes to
Vrad _ Te — (3.83 + 4.345kT, /m.c?) kT,

c 1149+ 9.5kT./mec® mec?
If z. = 3.83 and kT, = 10.2 keV, then the difference between these formulae is Av = 400
km/sec. Clearly the high temperature corrections to the S-Z effect are important when
looking for the kinematic S-7 effect.

(316)

12.5. The Full Kompane’ets Equation

See §7.6 in R&L.

The formulae we have just developed all assumed that hv << kT,. This assumption is
very well satisfied when dealing with the CMB distorted by X-ray emitting gas, but equation

on 1 0 on
9 ~ 2o (‘”%) (317)

cannot possibly be correct in general because it is homogeneous in x and linear in n. For

we have been solving:
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any solution f(z,y) to Eqn(317), the function Af(Bz,y) is also a solution. This makes our
convolution analysis possible, but does not have the property that a blackbody at T, will not
be affected by electron scattering. Since twice a blackbody is not a blackbody, the complete
equation must be non-linear. It also must have terms which make a blackbody a stationary
point, so something must be added to dn/0x to cancel this term for a blackbody at the
electron temperature, n = 1/(e®* — 1). This form gives

on d 1 —e” 9
_— = — — _ — ]_
Jr dx (el’—l) (e? —1)2 (n+n’) (318)
so the completed equation has to be
on 10 (, 5 On
3~ 2os (:c [n+n + &B]) (319)

which is the Kompane’ets equation.

Since the Kompane’ets equation is describing electron scattering, which preserves the
number of photons, one finds that the y derivative of the photon density
N = 8n(kT,)*/(hc)® [ na*dx vanishes:

ON 50N
0

on
_ N 2, on
= /8:6 [:c (n—l—n +8:c)] dx
on\ 1|~
_ 4 2 -
= {x <n+n +8x)} .

= 0 (320)

since the z* factor vanishes at zero and n and dn/dx both vanish at infinity.

The stationary solutions of the equation dn/dy = 0 are the photon distributions in
thermal equilibrium with the electrons. Since photons are conserved, the photon number
density does not have to agree with the photon number density in a blackbody at the
electron temperature. Thus a more general Bose-Einstein thermal distribution is allowed:
n=1/(exp(x + p) — 1). This gives

on  —exp(x+ p)

e CRR (321)

Therefore dn/0y = 0 for all p.

Note that without the n? term we would find that n + dn/dz = 0 implies n = exp(—x)
which gives a Wien distribution instead of a Planck distribution. This is also what we
saw for thermal equilibrium when ignoring stimulated emission. Thus the derivation of the
Kompane’ets equation will involve stimulated Compton scattering.
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12.6. Derivation of the Kompane’ets Equation

If we ignore relativistic effects, the Doppler shift in scattering through an angle @ is
easily described by considering the electron velocity component along the bisector of the
scattering angle. Call this component x, so the shift is

Av = 122 cos(0/2) (322)
c
The mean squared value of this is
Av 5 (v?) 1 kT, 5
var (7) = 4(cos*(0/2)) 2 = 4 x 5 % o 2kT, /mec (323)

This agrees with var(s) = 2y.

The mean shift corresponds to an energy transfer from the electron to the photons. This
is due to photon drag. In the electrons rest frame the intensity is anisotropic with

10) = I, <1 + 2 o e) (324)

c

The scattered photons have zero net momentum so the total momentum transfer is

1 hv 4o 4v, (hv
(pa) = E/ (7) (1 + - cos@) cos 0dS) = 32 (7) (325)

per scattering. The work done is

4 (h > kT,
W = pvg + pyvy + pov, = 3 (—V) LYY 5 (326)
c

In addition to the photon drag, there is also energy transfer from the photons to the
electrons due to the Compton shift. Scattering through angle 6 gives a momentum transfer
of

Ap = %2 cos(0/2) (327)

This gives a net energy transfer of

<Ap2> _ () (328)

2m MeC?

Thus the total energy change per scattering is

(329)
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The overall rate equation is

on(v) _ (scatteringS) " /[P(V1 — )n(n)(1+n(v)) — P(v — v)n(v)(1 +n(n))] dn

ot
(330)
Now consider the electron distribution in phase space, f.(p). Consider p; + v < p + v.
Given p, v, v, and the scattering angle €2 we know p;. Then

second

ot aal
Now we expand in powers of vy — v = A. We now that f.(p1) = f.(p) exp(hA/kT,) since if
vy has higher energy then p; has lower energy.

o) _ e [ g fpnl) (14 n0) = L@@+ o)) dv (330

Note that this assumes the electrons are not degenerate. Do not use the Kompane’ets
equation in a white dwarf.

Use © = E/kT, as the energy variable, and write hv/kT, = z
Now expand n(v) in powers of A giving
87;—(:) = nec/dgp;l—gfe(p) [(1+ A+ A% (n+ A+ $n"A%) (1 +n)
— n(l+n+n'A+n"A%]dA (332)

The 0% order in A cancels.
The 1% order in A gives

n(l+n)+n'(1+n)—nn'

The 27¢ order in A gives

"

n(l+n)+n'(1+n)+in"(1+n)—in"n.

Thus
2—7; — necor [(W 4+ n 4 m2)(A) + (A" + /(14 n) + In(L+n)(AD]  (333)
But (A) = z(4 — z)(kT./m.c*) and (A?) = 22%(kT,/m.c?). Therefore
86—7; = necor :Z;ez [2°(n” + 21" 4+ 2nn’ + n+n®) + 24 — z)(n' + n+n?)]
- neCUTmZ;ez [2*(n” + 20" 4+ 2nn’ + n+n* —n' —n —n®) +4dz(n’ + n+n?)]
= necor—— [da(n’ +n+n?) +2°(n” +n' + 2n1')] (334)

MeC?
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Now dy = n.cop(kT,/m.c?)dt and

% (z*[n' + n+n?) =42°[0' + n+n’] + 20" + n' + 2n0/] (335)
so the equation becomes
on 1.0 [ ,]0n 9
3 " Pon (:)3 {8x+n+n]) (336)

which is the Kompane’ets equation.

The Kompane’ets equation can easily handle situations where hv ~ k7T, and it includes
the Compton shift, but its derivation used the small shift approximations requiring that
kT, <<< mec®. 1 do not know of any easy way to handle situations where both hv ~ kT,
and k7. ~ m.c?. Monte Carlo simulations are simple to program except for the stimulated
scattering effect though.

13. Synchrotron Radiation
13.1. Power

Consider an electron moving in a magnetic field. The plasma in space is a good electrical
conductor so we expect zero electric field in the lab frame. Let the B field be aligned along
the z-axis. The 4 momentum of the electron will be

P = me(y;yBsin ¢ cos b, yFsin g sin b,y cos ¢) (337)

where ¢ is the pitch angle which remains constant, while 6 is the angle around the electron’s
circular orbit and varies like df/dt = Q with

eB
yme

0=

(338)

For non-relativistic electrons the frequency is the electron cyclotron frequency: w. = eB/mc,
or v, = (2.8 MHz/gauss)B.

If we do a Lorentz boost along the z-axis into the guiding center frame, the electron is
moving perpendicular to the magnetic field:

P = me(y;7B cos, 9/ sind,0)
B =B (339)

Note that while # is unchanged in this transformation, ¢ does change, so the new df/dt’ =
Y =eB/vy'me.
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Finally do a boost along the z-axis into a frame moving at the same speed as the electron
when 6§ = 0. This is an inertial frame, known as the momentarily comoving inertial frame or
MCIF, while the electron’s rest frame is an accelerating frame. Usually when we talk about

the electron’s “rest frame” we mean the MCIF. In this frame we have

" = me(1;0)
B// — ’}//B
E" = ~'B=~Bsin¢B (340)

In this frame only the electric field causes accelerations, so

o - v(Bsin ¢ eB

341
= (341)
and the Larmor formula gives the radiated power as
2 2(,11\2 2 4
pr=20WN 2 ¢ gy R (342)

3 3 3m2e3

But this power is radiated in a dipole pattern in the MCIF, so the radiated power has no net
3 momentum. Thus the radiated energy-momentum is parallel to the electron’s 4 velocity,
and therefore the power dF,.q4/dt, which is the ratio of the time components of two parallel 4
vectors, will be the same in all frames. Thus the lab power equals the MCIF power: P = P”.

If the pitch angles are isotropically distributed, then the average value of sin¢ is
(sin? ¢) = 2/3, giving an average synchrotron power per electron of

4 et 4
= §m26372/62 B2 = §V2O’TCUB (343)

with the magnetic field energy density being up = B?/87 and the Thomson scattering
cross-section being or = 8me' /3m?ct.

13.2. Spectrum

The electron’s motion is periodic with frequency €2, but in the lab frame the received
radiated pulse is far from sinusoidal. The dipole pattern radiated by the electron has nulls
along the direction of acceleration, which are along the y”-axis in our example. When
transformed into the guiding center frame, momentum of a photon along the 3" axis becomes:

P = (W"/c)(1;0,1,0)

—

P = (W'/e) (40, 1,0) (344)
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E(t)

Fig. 20.— The pulse shape by an observer on the plane of the electron’s synchrotron orbit.
Ticks every mec/(2v*eB) on the t-axis.

Thus the peak to null angle is sin™'(1/4"). Fory >> 1 we can use small angle approximations.
Therefore the electron only turns through an angle Af ~ 1/+" during the pulse. Turning
through this angle takes At’ = A8/ = mec/eB. But the pulse as received by an observer
in front of the electron is seen in a time given by

Atyee = (1= B)AY 7 —— 345
Thus a typical frequency for synchrotron radiation will be
1 2(v")%eB
W = _ 207 (346)

Atyee mce

In the lab frame instead of the guiding center frame, v/ = 7 sin ¢ but there is a Doppler shift

factor 1/sin ¢, so this becomes

B
Werit X 72% sin ¢ (347>

We can calculate the exact shape of the pulse seen by an observer situated on the plane
of the electron’s orbit in the guiding center frame. For simplicity 1 will drop the primes
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on 7 and [ in this frame. The acceleration in the MCIF is a’ = «feB so the radiated
electric field in the MCIF is £/, < vBeB cos#'. The 4 momentum of a photon in the MCIF,
(hv'/c)(1; cos @, sin @', 0) becomes (hv'/c)(y(1+ B cos@');y(cosd +3),siné’, 0) in the guiding
center frame. Thus the Doppler shift factor is

v

== (1 + Beost) (348)

and the angle in the guiding center frame is given by

) Dy sin 6’
sinf=—4=————— 349
bl 30+ Beost) )
Now the radiated field transforms like the Doppler shift factor squared to keep the number
of photons per mode invariant. Hence

Eraq < eBy*B(1 + Bcosd')? cos & (350)
Now we need to calculate the received time, t,.. =t — x/c. We know that z = RsinQt =

Rsinf. Let’s let
sin &’

S 351
4 1+ B cosb (351)
Then
0
tree = ﬁ—gsine
_ L (Y _ By
Q vy cy
_ qyme g+1 y 3+ _fyﬁmcg
eB \v 6\« eB ~
3
mc Yy
- (1= .
63{( ﬁ)y+672+ ]
3
me Yy
_ L 2
2v2%eB {y—l— 3 (352)

We have already assumed =~ 1in 1 — 3 = 1/(2+?), so continuing to use &~ 1 gives us

) sin® ¢’ 1—cos?0 11— cost

v (14 cos)? - (1+cosf)2 1+ cost (353)

Hence 1 2
cost = % (354)

and :
1+ cosf = T g (355)
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Thus we get

Eraa(tree) o er’% (356)
at o s
tree = 5305 {y - %] (357)
We can of course find the spectrum by Fourier transforming this pulse, giving
Bw) / %emdt (358)

Inverting the equation for y as a function of ¢ introduces branch cuts but we can still find
the dominant high frequency behaviour by locating the pole closest to the real t-axis in the
upper half of the complex ¢ plane. This is at y = +¢ which gives

mce 1 mc
t ole = 7 5 1 ) — = = 5 5 B
Pl 92eB (Z 3) 3v%eB (359)

The high frequency cutoff in E(w) thus goes like

E(w) o exp _—3$§Bw]
. [ 2
1B o exp B BVZZCBM]
[ w
= — 360
P wcrit:| ( )

with a critical frequency that is just 1.592 times the cyclotron frequency:

3eB
Werit = = ——
¢ 2mc
Vot = it _ (4.9 MHz/gauss)B (361)
s

The integral for E (w) can be done exactly by changing the variable of integration to y
with dt = (1 + y?)dy, giving

. 1 — 92 iwme >
E —_— —_— = |d 2
(w)oc/(1+y2)2 exp [272€B <y+ 3 Y (362)

Integrate by parts ([ pdg = pq — [ qdp) using ¢ = y/(1 + y*) so dg = (1 — y*)dy/(1 + y*)?,
and p = expl...] so dp = (iwmc/(27y?eB))(1 + y?) exp|. . ], giving

B o [yew |35 (5420 |y okl 6oe ) (33)
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which has the exponential high frequency cutoff we found earlier and behaves like w'/3 for low
frequency. This would give a power going like w?/® but the total power radiated, integrated
over all angles instead of just for an observer in the plane of the orbit, is given by

Pl o« £ ()

Flz) = o / " K yaly)dy (364)

which goes likes w'/? for low frequencies.

As discussed earlier, the critical frequency varies with pitch angle as sin ¢. For a tangled
magnetic field and an isotropic pitch angle distribution, we observe a power o sin® ¢ with
critical frequency 1.5sin ¢ y?eB/mc. The power weighted mean of sin ¢ is

[sin®¢dQ 27 [sin*¢pdy 3 /’T 5 O
[sin® ¢ dQ) 87/3 1) (1= cos2))/2lde = =5 (365)
Thus the power weighted mean critical frequency is
3 97 eB , eB
— X — X —° =1.325—
5 X35 X 7 3 Smey (366)

I recommend remembering this factor 1.325 as 4/3.

13.3. Power Law Distributions

In most astrophysical sources the relativistic electrons producing synchrotron radiation
have +’s that cover a wide range: usually a few decades or more. Because of this, the
synchrotron radiation spans several decades, but the exact spectral function F'(z) is not so
wide. It is therefore appropriate to ignore the width of F(z) and to approximate it by a
delta function! We will assume the following very simple form for the power emitted by
mono-energetic electrons with random pitch angles in a tangled magnetic field:

4 4 fyzeB)

P(v) = 5’}/200'1“’&35 (l/ ~ 3 9rms

(367)

With this approximation it is easy to compute the synchrotron power generated by a popu-
lation N(7) of electrons per unit v. With 27, = (4deB)/(3mc) we get

2’YN(’Y)CO'TUB
3,

L,= / %7200Tu]35(1/ — Vo2 )N(7)dy = (368)

Y=+/V/Vo

An easier way to remember this is

vL, = (7]\[2 (7)) (%fyzcaTuB) (369)




which is (power/octave) = (electrons/half-octave) times (power/electron). Only a half-
octave in the electron distribution is used because the quadratic dependence of v on ~
means that a half-octave in v covers a full octave in v.

For a power law N(v) o< v~?, we get a power law spectrum. From

L, x YN(7) & \/vJvaN (\/y/T) oc Y192 (370)

we see that the power index in L, oc v™¢ is

a=2"— (371)

Thus the power law index 3 = 2.5 seen in the cosmic rays translates into a = 0.75 which is
a typical spectral index for a non-thermal radio source.

13.4. Energy in Relativistic Particles

The relation between synchrotron emission and the number of electrons with ~’s close
to \/v/v, allows us to compute the total energy in relativistic electrons in a radio source
from its synchrotron spectrum. We can write

Epart = / N(vy)ymc*dy (372)
and .
Volsy
ING) = 5ot (373
COrUuUpR

But dy = ~vdv/(2v) so

s = /31/0”)/77102[/ dv /3 vovmc®Ly, dv (374)
4deorup vV deorup v
which becomes
V24
Epare = 7”””CB 3/2/\/_L dlny = 1.5 x 1028~ 3/2/\/_L diny  (375)

in cgs units. Thus if we know the magnetic field, we can compute the energy in relativistic
electrons needed to produce the observed synchrotron radiation.

In the local ISM the cosmic ray energy density approximately equals the magnetic field
energy density. Since the cosmic rays are only held to the galaxy by the magnetic field, if
the magnetic field energy density was less than the cosmic ray energy density the cosmic
rays would rapidly escape. And apparently if the cosmic ray energy density is less than
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the magnetic field energy density Alfven turbulence accelerates cosmic rays until the energy
densities are comparable. If we assume the energy density in relativistic electrons equals
the magnetic field energy density, we derive the equipartition magnetic field strength for a
radio source. As seen above, the particle energy is E,q¢ = AB™%2 where is A depends on
observed quantities and constants. The magnetic field energy is E,,., = B*V/81 where V is
the volume of the source. Setting these equal gives

2/7
5= () (370)

We can also find the B that minimizes the total energy needed to produce the observed

synchrotron emission,
6rA\ "

The difference between these is an insignificant factor of 0.75%7 = 0.92.

A more significant problem is the protons. In the local cosmic rays, we see about
dN/dE =1 x E=%5 protons/cm?/sec/sr/GeV and 0.01 x E~%5 electrons/cm? /sec/sr/GeV.
So it might be reasonable to assume that E,,; should be multiplied by 100 to allow for
relativistic protons which we cannot see because they don’t radiate synchrotron emission.
This would increase B,, by a factor of 100%7 = 3.7. But if we compute N(v) at v = 2000
for the protons we find 6.1 x 109 while for electrons we find N(y = 2000) = 4.8 x 1075.
Thus while electrons of a given energy are 100 times less common that protons of the same
energy, electrons of a given v are 800 times more numerous than protons of the same . As
a result, we don’t know whether to apply the proton correction to Be,.

13.5. Synchrotron Self-Absorption

A population of relativistic electrons produces a synchrotron emissivity of

_ 2yn(y)corup
S

where n(y) is the number density of electrons per unit . If there were no corresponding

Arj, (378)

absorption process, then a line of sight with a very long path length through a synchrotron
source would have an intensity that grew without limit as the path length increased. But
there is a synchrotron absorption process, and we can calculate its magnitude using Kirchoft’s
law: B,(T..) = j, /. But what is the excitation temperature T, for the transitions involved
in synchrotron emission? What are the quantum levels?

The orbits of electrons around the magnetic field lines are actually quantized with
angular momenta in units of 4. The angular momentum is pR and R = pc/eB so the quantum
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number is n = p?c/heB = v*3°m?c/heB. We can write this as n = 7?3?B..;;/ B where
Berit = 5 x 10 gauss is the magnetic field that makes the cyclotron frequency equivalent
to the electron rest mass. For a typical v = 10* and B = 107* gauss, n = 5 x 10?}, so a
purely classical description of synchrotron emission is appropriate. The typical transition in
synchrotron emission is not An = 1, but rather An ~ 73, so both n and An can be taken
to be continuous variables. This gives

- AE __ (9(n/g)\"
Mo = Wi /an) —najgn) e = < OE ) (379)

Now we need to know the statistical weight g for states in a unit range of v. This is given
by phase space volume in units of h?, g = g,d®pd3x/h?, where g, = 2 is the statistical weight
for spins. The volume factor dz?® cancels out, and for the ultrarelativistic limit, v >> 1, we
have d®p oc v2dy. Therefore, when n(y) oc v?, the excitation temperature is

B O 1n(y~5+2) - B ymc?
Kl = = <m—m R (380)

Since v = \/V/V,, and since kT, is always much greater than the energy of the photons
seen from synchrotron sources, when a source is optically thick to synchrotron emission its
surface brightness varies like I, oc 5.

Thus observing the surface brightness of an optically thick sychrotron source gives the
~ factor, and v plus v together give the magnetic field. Since the surface brightness is very
high, with brightness temperatures >> mc?/k = 6 x 10° K, optically thick synchrotron
sources always have very small angular sizes and can only be resolved by Very Long Baseline
Interferometry (VLBI). A source with brightness temperature of 10'? K at 5 GHz with an
angular size of 0.001” has a flux of F, = 2kT'(v/c)?Q ~ 20 Jy.

14. Inverse Compton Scattering

Consider an electron moving relativistically through an isotropic distribution of photons
with energy hr. A photon approaching with angles m — 6 to the electron’s velocity (0 = 0
for a head-on collision) has 4-momentum

_hl/

e . (1; —cos @, —sind,0) (381)

if we make the x axis the electron’s velocity vector and put the photon direction in the zy
plane. Let p = cosf. Then the photon momentum in the electron’s rest frame is
w hv )
P = —(y(1+ Bu); =1(5 + p), —sin, 0) (382)
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Now let the photon scatter off the electron, leaving with angle 6’ to the x axis. For now
we ignore the true Compton shift, so the energy of the outgoing photon is hv” = h/ =
(7(1 + Bu))hv. Note that 8 = 0 corresponds to a photon traveling in the same direction as
the electron, while § = 0 corresponds to a photon traveling in the opposite direction as the
electron. The 4 momentum after scattering is

! h'l/// / . /
P=— (1;cos6,sinf',0) (383)
Now let p/ = cos@’. Then the 4 momentum after scattering back in the lab frame is
1" hv" / .
P === (A + B )i (B + 1), sin ', 0) (384)

We finally get the ratio of the lab frame energy after scattering to the lab frame energy

before scattering:
"

— =71+ Bp) (1 + By) (385)

We want to find the average value of this ratio, which will tell us the total energy transfer
from the electron to the photons, and also the typical frequency of the output photons. In
order to find the average, we need to know the probability distributions for the scattering
angles p and .

A first guess would be that p(u) should be a uniform distribution since this corresponds
to an isotropic initial photon field because d2 = 2mwdu. But head-on collisions (u = 1)
will happen more frequently than stern chase collisions (x = —1). In fact, the rate of
photon collisions has exactly the same Doppler shift factor as the photon frequency, so
p(p) o< v(1 4+ Bu). Normalizing this in the range —1 < pu < 1 gives the probability density
function (pdf):
1+ fu
plp) = —5

Note the function you integrate to find probabilities in a given distribution is called the

(386)

probability density function and should not be confused with the distribution. Rybicki &
Lightman approximate the distribution of p/ with a uniform distribution, corresponding to
isotropic scattering. This gives a pdf

1
Prer() = 5 (387)

With this approximation we can easily find the average ratio:

<%> = // (L + Bu) (1 + B )p(pw)p' (1) dpdp'
_ / 1+2ﬁu) i /;(Hﬁu)
_ (H%z) (358)
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The ultrarelativistic limit is (4/3)7?

However, electrons do not scatter isotropically. If the actual scattering angle is 1, the
scattering rate is proportional to (1 + cos® ). We can write cos1) as

cos) = — (,uu' + /1 — p2y/1 — p2 cos qb) (389)

where ¢ is the dihedral angle between the plane defined by the x axis and the incoming
photon and the plane defined by the x axis and the outgoing photon. The rate of scattering
into ¢ will be proportional to the average of (1 + cos®) over all ¢’s. Thus the true pdf
P/ (i) for Rayleigh scattering electrons is given by

3 [*" d
I A

3 21 d
= g/0 [1+M2M/2+2MM/\/1_,Uz\/l_UI2COS¢‘|‘(1—,U2)(1—,u/2)cos2¢]%
3 2, .12 1 2 2
= g [Vt (=) (1 = )
313 1
— _ _1 2 72 - 2 92
3 {2( H o) = 5+ )] (390)

The (3/8) factor normalizes the pdf:

/p’(u’; Wy = {3 +p’ =t - —] = (391)

for any value of y. Note that the distribution of x4’ does depend on p, but is this dependence
is not the probability density function for pu. By writing u following a semicolon, we mean
that p is a parameter that modifies the y’ distribution. The joint pdf for p and p’ is given
by

p(p, ') = p(p)p' (15 1) (392)

But the pre-scattering angle we need is not really p, which is measured in the lab frame,
but rather the pre-scattering angle in the electron’s rest frame, whose cosine is given by
(B4 1)/(1 4 Bu). We can now find the average ratio:

<%> = // (L+ Bp)(L+ B )p(w)p' (W (B + 1)/ (1 + B))dpdy’
_ / 1+2ﬁu) d

313 G+ i 2 , 1 B+ ? / ’ ’
. /§[§ <1+{1+6u] M2>_§<{1+ﬂu} ﬂLQ) (+Bud)au
_ 2 (1 +%2) (393)
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To get the last line of this result, note that p'(x’) is always an even function of p’'; so
[ Bu'p' (W)dy' = 0 and the integral [(1+ Bp/)p’(1/)dp’ = 1 Thus the average is exactly the
same as the result calculated in the isotropic scattering approximation used by Rybicki &
Lightman.

14.1. Power Law Sources

Using the mean energy increase factor, we find that an ultrarelativistic electron loses
energy by the inverse Compton process at a rate

4
Pro = 5720 oT Uph, (394)

where u,), is the energy density of the photons the electron is colliding with. The typical
output frequency is

4
vig = 57214” (395)

where v, is the typical frequency of the photons the electron is colliding with. Thus a dis-
tribution of relativistic electrons N () produces an inverse Compton source with luminosity

N 4
vL, = (m —’}/2CO'TUph) (396)

2 3

y=+/Vv/V1

with 1 = (4/3)v;,. The relationship between N(v) and the spectrum is exactly same for
inverse Compton sources and synchrotron sources. The the shapes of the spectra on a log-log
plot will be identical, but the scaling in luminosity and in frequency will be different.

But what are the typical sources of input photons? Three are important: the cosmic
background radiation, starlight, and a source’s own synchrotron radiation for compact radio
sources. The CMBR is universal, so we will concentrate on it. The energy density is

4
ucypr = aTt = —O'TO4 =4 x 107" erg/cm? (397)
c

This is equivalent to the magnetic field energy density from a field of B = 3.3 uG. The
typical frequency is ~ 3kT,/h = 1.7 x 10 Hz. Thus if both the IC off the CMBR and
synchrotron emission from a source are detected, the magnetic field can be determined from

both the ratio of ¥L,’s and from the ratio of frequencies. The relations to use are:

(vLy)re (3.3 pG ?
(VL,,)S = B (398)
and L0t G
”VI—SC _0xInG BO (399)

90



Thus for a typical radio source the IC luminosity is much less than the synchrotron luminosity
but it peaks at a much higher frequency. Typically the IC flux is in X-rays or y-rays. An
upper limit on the X-ray or «-ray flux from a radio source gives a lower limit on the magnetic
field.

When a radio source is very compact the synchrotron flux it emits can have an energy
density larger than the CMBR. This energy density of synchrotron photons can then be
scattered by relativistic electrons, producing X-rays by what is called the synchrotron-self-
Compton process. The fraction of synchrotron photons scattered is about 7, where 7 is
the optical depth to electron scattering from the relativistic electrons. The energy of the
scattered photons is boosted by a factor of (4/3)y2. If the product (4/3)v*T is greater than
one, then the IC photons will have a larger energy density than the synchrotron photons,
and one will get second-order IC emission. This process continues until the energy in the
electron’s rest frame is comparable to mc?>. The IC photons produced in this step have
energy ymc? — which is all of the electron’s energy. This cascading of the IC process puts out
energy in the v-ray region of the spectrum, instead of the radio region. Since some quasars
are compact radio sources, the IC cascade has been called “the Compton catastrophe” in

quasar models. But since quasars are also ~y-ray sources, it isn’t all bad.

14.2. Details

We already have the most important results: the mean energy increase factor. But the
distribution of output energies is also good to know. The maximum possible output:input
ratio is v3(1+3)?, but since v = (1—-3?)~! = (1+6) 71 (1—3)7}, the maximum energy can be
written as (14 3)/(1 — (), which is the square of the relativistic Doppler shift formula. The
minimum possible output to input ratio is v?(1 — 3)? which can be written as (1—23)/(1+03).
Note that this is just one over the maximum ratio.

Let R =" /v be the output:input ratio. Then we can find the pdf for R using

pr(R) = / / §(R—~*(1+ Bp)(L+ Bu")p(p)p' (1'; p)dpdy (400)

In the isotropic approximation this is easy to evaluate: do the integral over u’ first, so the
delta function integrates to [y*3(1 4+ Su)]~*. This cancels the p dependence of p(p), so the
result for pr(R) is proportional to the amount of the p range that is compatible with a given
R. This is all of it for R = 1, and from p = 37'[(1 — )R — 1] to 1 for R > 1. Thus
pr(R) declines as a linear function of R from a maximum at R = 1 to zero at R = R4, =
(14 3)/(1 — fB). For R < 1 the range in p is from -1 to u = 37![(1 + B)R — 1], so again
pr(R) declines linearly from the maximum at R = 1 to zero at R = Ry, = (1= 3)/(1+ ).

Finally we should calculate the mean squared output:input ratio. In the isotropic ap-
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proximation used by R&L, this quantity is

<(%)2> N / / YL+ B (L + B p()p' (1 ) dudpd

74/(1+6’u)3/(1+6”,)2d,u’du

2 2
3 2
= 74/ (1 +2/6,u) [1 + %} dp

= 7' [1+ 67 [1+%2]
- e g3 (101)

This differs from the exact result only in the $* term.

15. Plasma Effects

Chapter 8 of R&L

15.1. Dispersion

Assume that the electrons in the plasma are moving with 3 << 1. An electromagnetic
wave has |E| =~ | B| (exactly equal in a vacuum of course) which means that the force due to
the wave’s magnetic field can be neglected. However, there can be a static magnetic field in

it we get

the plasma, B. For a wave with time dependence e
—imw? = —e(E + ¢'7 x B) (402)

We need to calculate the dielectric constant of the medium, €, in order to calculate the phase
velocity of the wave, v, = ¢/, /eq, since p = 1.

Now the dielectric constant is
e=14+4my (403)

where the permittivity y is the ratio of the dipole density to the applied electric field. The
dipole density is —en.x = —en.v/(—iw). Since both the electric field and the dipole density
are vectors, y is a tensor. In order to simplify the analysis, take the magnetic field to be
along the z-axis. Then an electric field along the z-axis generates velocities along the z-axis,
which give zero cross product with B, so the z behavior separates out, giving:

—iel,
mw

(404)

Vy, =
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Since = v/(—iw) and the dipole density is —n.ex, one has

X — (405)
Aren, 2

e=1- 10 :1—(ﬁ) (406)
mw w

where the plasma frequency is w, = \/4me’n./m.

The index of refraction is n = y/e. Because of variations in the electron density, rays are
bent as they travel through the interstellar medium. This leads to interstellar scintillation
for point-like radio sources. The equation for ray paths in refraction is

~

d(nk)

T =Vn (407)

following Eqn (8.18) in R&L. Since n is less than one, convex concentrations of electrons
yield diverging lenses.

The intensity I is not then conserved along a ray, but rather I /n?.
Phase vs. group velocity

Note that for w < w,, the dielectric constant is negative, which gives an imaginary phase
velocity. Thus the wave vector k = w /v, is also imaginary, so the spatial propagation o ¢**
gives a decaying exponential instead of a propagating wave. Thus waves below the plasma
frequency are absorbed. The relationship between k and w, known as the dispersion relation,
is

Ak = (W —w)) (408)

For w > w, the dielectric constant is positive but less than unity. This implies a phase
speed that is faster than the speed of light. How can this be if no thing can travel faster
than the speed of light? The wave crests in a pulse don’t correspond to signals, but the peak
of the amplitude of a pulse composed of several frequencies does correspond to a photon or
signal. Consider a propagating pulse with complex amplitude A(w). Then the electric field
will be

E(x,t) = /A(w) exp(ikr — iwt)dw (409)

The amplitude of this pulse will be maximized at the x where the phase of the integrand is
constant near the peak of |A|. Let A = |Ale*® and assume that d¢/dw = 0 at the peak of
|A|. This corresponds to the pulse peaking at = 0 when ¢t = 0. At a later time ¢ > 0, the
location of the peak of the pulse is found by setting

d¢p + kx — wt]/dw = 0 = d¢/dw + zdk /dw — t = 0 (410)
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Thus the peak is at * = (dw/dk)t and the group velocity which describes the motion of the

peak is
dw
= 411
UQ dk‘ ( )
The value of the group velocity can be found using
2
~ wdw _ d(w?) _ 2 (412)

YT Tk T Ak

since the dispersion relation gives a linear relation between k? and w? with a slope of 2.

Thus the group velocity of the wave with an electric field parallel to the static magnetic

field is
2
vg=c\/1— (%) (413)

If a broadband pulse is emitted simultaneously at all frequencies, then it will be received
first at high frequencies, then later and later at lower and lower frequencies. This turns the
pulse into a falling chirp instead of a click. The time it takes for a given frequency to arrive

ds V2 ds ds e?
t= [ Z~ [ar2)Z = [ 82 . 414
/vg /( +21/2) c c +27Tm01/2/n s (414)

With the dispersion measure DM being [ n.ds in units of cm™3pc, the delay for frequency
vis

is given by

(415)

2
At, = 0.415 DM <LMHZ) sec

14

For pulsars the difference in delay times between two different frequencies is easily
measured, giving a determination of DM. For a few pulsars distances can be estimated,
and the typical ratio of DM to distance is the mean electron density in the ISM, (n.) =
0.03 ecm 3. For other pulsars distances can be estimated from the dispersion measure: dis-
tance &~ DM /(n.).

15.2. Rotation Measure

The components of the velocity perpendicular to the magnetic field get coupled by the
cross product, so the equations for v, and v, are:

—imwv, = —e(E,+c 'v,B,)
—imwv, = —e(E, —c v, B,) (416)

If we consider v, = v, + v, we get an equation

v, +iv, = —i(e/mw)(E, +iE, + ¢ ' B, (v, — iv,)) (417)
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or B
vy = i B, — 22y, (418)
mw mcw

with F being F, + 1FE,, a circularly polarized wave. Thus

e
=—1—FF 419
Uy Zm(u}—l—wB) + ( )

where wp is the cyclotron frequency eB/mc. For the opposite sense for circular polarization,
it is clear that .
v =—1———F_ (420)
m(w —wg)
The displacement z is still z = v/(—iw), so the dielectric constants for the two circular

polarizations are

w2

-1 421
€RL w(w £+ wp) (421)

Over a path, the accumulated phase is

w? ds
ORI ~ / <w — m) ? (422)

Thus the phase difference between the right and left circularly polarized waves is

w? »WB ds
¢r— ¢r =Ap ~ / (423)
The rotation of a plane-polarized wave is A0 = A¢/2; so
2
AG = / “po ds (424)
2w? ¢

which for a constant B is just A0 = wgAt,. The average magnetic field along the line of
sight, weighted by electron density, is found using

fneé - ds _ mcAb

B — _
(Bi) [ neds elt,

(425)

In general we don’t know the original angle of polarization (or the time of emission), but
we can measure the change in polarization angle between two frequencies and compare it
to the change in arrival time between the same two frequencies for pulsars, giving a well
determined (B))). In the ISM this field is 2.5 uG. In typical synchrotron sources the emission
is polarized so [ neB - ds can be found, but without pulses one needs to assume an n, to get
a magnetic field estimate.
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Fig. 21.— The distribution of 1743 known pulsars in the P-P plane. The orange dots have
negative P, probably due to gravitational acceleration in the galaxy or a globular cluster.
The magenta dots are recently discovered occasional pulsars that only emit a pulse several
times per day, even though their rotation periods are a few seconds (astro-ph/0511587). The
green dots are y-ray only pulsars from Pletsch et al.(arXiv:1111.0523). The red dots are the
components of the double pulsar, J0737-3039. The blue dashed line shows the empirical
“death line” for radio pulsars, with P o P3. The few points in the far upper right are
the so-called “magnetars” or anomalous X-ray pulsars. The main clump of points are the
“young” pulsars. The points in the lower left are the “recycled” pulsars that were spun up
by accretion in a binary system.
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16. Pulsar Emission

One of the most interesting astrophysical E&M emissions are pulses from pulsars. This
is also one of the least well understood processes, but a few basic ideas can be easily stated.
Pulsars are rapidly rotating neutron stars with very large magnetic fields. The energy that
drives the emission is coming from the rotational kinetic energy for radio pulsars. Therefore
the pulse rate is slowing down. One can define a spindown or characteristic age using the
pulse period P and the spindown rate P. A characteristic time is P/ P. The moment of
inertia of a neutron star is about 10%° gmcm?, and the rotational kinetic energy is £ =
0.5 Iw? ~ 10%8(140 ms/P)? ergs. For a rapidly spinning pulsar like the Crab pulsar this

0% ergs. The spindown

kinetic energy is larger that the total light output of a supernova, 1
luminosity is

L =—Iwi=4x*IP/P3. (426)
This luminosity is usually assumed to be magnetic dipole radiation. An electric dipole with
a charge —q at the origin and a charge ¢ at z << R has a dipole moment of p, = ¢z and a
field at the pole z = R of E, = 2qz/R3. Therefore y, = 0.5 E,R*. Thus the magnetic dipole
moment of a neutron star with polar surface field of B, and radius R is p,, = 0.5 B, R®. The
power radiated by a spinning electric dipole is P = (2u2w?/3c®) and the power radiated by
a spinning magnetic dipole is P = (2u2,w*/3¢?) due to the nice symmetry between electric
and magnetic quantities in cgs units. Setting this equal to the spindown luminosity gives
Bg RS w*
6¢3

so an estimate for the surface magnetic field is given by

. 0.5
6c31 \° . I\ R\?*( P P
B,=|(-—=) VPP=2x10" — 42
v <47T2R6) x 10 gauss(1045) (IOkm) Tsec 107 429

The equatorial magnetic field is half this, so B, = 3.2 x 109/ PP G. Note that this assumes
an oblique rotator where there is an angle § = 7 /2 between the dipole axis and the spin axis.

= —Twi (427)

For general @ the luminosity goes like sin? #. Because w oc —w?® if B is constant, we find that
Aw™2 o< At or P o t'/2. Therefore the characteristic age of a pulsar is taken to be

P
2P
For the Crab nebula pulsar the characteristic age is 1240 years while the actual age is 960

T

(429)

years. The Crab nebula pulsar emits about 103" erg/sec in the radio and 10% erg/sec

0384 erg/sec which is

at IR through ~-ray wavelengths, but the spin down luminosity is 1
much larger. Clearly 99.9% of the spindown luminosity must go into accelerating relativistic

particles which power the Crab nebula itself.

The “death line” is the observed boundary of the pulsar distribution, as shown in Figure
21. It has been described as B/P? = 0.17 x 10'? Gauss/sec? which would give P o P3
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(Faucher-Giguere & Kaspi, astro-ph/0512585, heareafter F-G&K). This corresponds to a
spin-down luminosity of —F = 103%! erg/sec. F-G&K find that the radio luminosity of a
pulsar is on average proportional to the square root of the spin-down luminosity.

F-G&K find that pulsars are born with a broad range of periods, Py, = 300 £ 150 mil-
liseconds.

Pulsar positions can be measured very accurately by timing. The motion of the Earth
produces a +500 cos # second variation of pulse arrival times with a one year period whose
phase gives the ecliptic longitude. 3 is the ecliptic latitude. Since pulse arrival times can be
measured to psec accuracy the angular position can be found to milli-arcsecond accuracy.
Proper motions and occasionally parallaxes can also be measured. The studies of proper
motions show that pulsars are typically born with a “kick” velocity broadly distributed
around a mean of 380 km/sec.

The interstellar plasma causes a dispersion of pulses into chirps with low frequencies
arriving later, and this dispersion measure can be used to estimate distances to pulsars.

Since pulsar pulses are quite narrow in rotational longitude, it is expected that the beam
is also narrow in latitude. Then only a small fraction of pulsars will be observable from the
Earth. Using a model which gives a 10% average for this beaming fraction, F-G&K get a
pulsar birth rate of 2.8/century in the Milky Way.

Pulsar radio emission mechanisms are not well understood. But it is clear that coherent
emission by a large number of charges moving together must be involved. For a flux of 1
Jy at a frequency of 100 MHz from a source of radius 10 km at a distance of 1 kpc the
brightness temperature is

I, 10723 x 90000 x (3.08 x 102')2

T, = =
2k(v/c)?  2x 7 x (106)2 x 1.38 x 1016

=10%K (430)

which is too high to come from single electron processes. In order to produce a large number
of charges it is thought that ~-ray photons produced by curvature radiation must have enough
energy to allow pair production by colliding with the virtual photons of the pulsar magnetic
field. The cyclotron frequency in a Teragauss field is 11 keV so 25 MeV ~y-rays are needed.
Radiating 25 MeV photons by synchrotron radiation in a field with a cyclotron frequency
of 11 keV requires electrons with v = 50. An electron with this energy has a synchrotron
lifetime of 107! sec in a magnetic field of 10'? gauss so the pitch angles will rapidly decay
to zero. Then the radiation is caused by curvature radiation, where the radius is determined
by the curvature of the field line instead of pc/eB.

The field lines in a dipole field are in fact circles, but even for more general shapes we only
need to look at the local radius of curvature. If we calculate an effective magnetic field that
would give the same radius as the curvature of the field line we get y3mc? = eB.;;R. Then
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the critical energy for curvature radiation can be found using the formulae for synchrotron
radiation in this field. We should not average over pitch angles in this calculation. This
gives

eB c
e =152 — 15433 431
w i 7hg (431)

For this to reach 25 MeV requires that v = 10°. We can calculate the power radiated just
from the motion of the electron around a circle, with an acceleration a = v*/R which is
increased by a factor of 42 in the MCIF. The power per electron radiated by curvature
radiation is then

2¢%a® 2y pe’c

3¢ 3R?

For v = 10° this is 4600 erg/sec for R = 10 km. Thus an electric field of E = P/ec is needed
to keep the electrons going fast enough to emit 25 MeV y-rays. Converting the power into
eV /sec and then dividing by ¢ gives an electric field of £ = 10° Volt/cm. In cgs units this
is 300 statvolts/cm which is 3 billion times smaller than the magnetic field.

pP—=

(432)

16.1. ~v-ray Pulsars

Many radio pulsars have been seen in pulsed v-rays, but with the Fermi Gamma-ray
Space Telescope the ~-ray observations are sensitive enough to find pulsars that cannot be
seen in radio observations. Pletsch et al.(arXiv:1111.0523) found 9 ~-ray pulsars but only
one could be seen in radio emission.

17. Magnetic Dipole Emission

As discussed for pulsars, a time-varying magnetic dipole produces the same radiated
power as a time-varying delectric dipole because in cgs units the magnetic field has the units
as the electric filed, and a magnetic dipole has the same units as an electric dipole. But
magnetic dipole transitions are considered to be forbidden transitions. Why is this so?

Consider an electron orbiting around with an orbit radius of a, = 0.53 A, with velocity
v. If there is an applied magnetic field B in the plane of the orbit, the electron feels a force
F = e(v/c)Bcosf with a lever arm a, cosf, where 0 is the angle around the orbit, so the
torque obtained by averaging around the orbit is 7' = 0.5¢(v/c)a. B and the magnetic dipole
is pors = 0.5¢(v/c)ao. Typically (v/c) = a = 1/137 so the magnetic dipole is more than 100
times smaller than a typical electric dipole of O(eas).

Note that h?/(2m.a?) = 0.5¢*/a, giving a, = h*/(m.€?), v; = h/(mea.) = €*/h = ac.
Thus pios = 0.5e(€?/hc)(h?/(mee?)) = 0.5eh/m.c = pup, the Bohr magneton.
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Thus magnetic dipole transitions typically have Einstein A values that are a2 or O(10%)
times smaller than electric dipole transitions.

18. Molecular Hydrogen Emission

The most common molecule in the Universe is Hy, but because it is homo-nuclear it has
no permanent dipole moment. As a result, the vibrational-rotational emission from Hy is
“forbidden”, and occurs through the weak channel of electric quadrupole radiation.

For a typical quadrupole moment of ) = ea? compared to a typical dipole moment

of u = ea,, the electric quadrupole interaction energy which goes like 65@ is ka, times
smaller than the dipole interaction energy pu - E. Since the wavenumer k is about 10° /cm
for electronic transitions and 10%/cm for infrared transitions, the electric quadrupole lines
will be 10° to 10'° times weaker than electric dipole lines. If an electric dipole line at 82,300
cm ™! has an Einstein A = 6 x 10% sec™! like Lyman-c, at 354 cm™~ one would expect A ~ 48
sec™! since A o< v® for dipole transitions. The actual Einstein A for the 2-0 rotational line

of Hy is 10'? times smaller than this.

Consider two charges ¢ at positions given by z = £[z, + Az coswt], along with a sta-
tionary charge —2¢q at z = 0. Each charge produces a radiated field given by

B, - —qa(t —r/c) sinﬁf

433
= (433)
where 6 is the angle to the z-axis, a is the acceleration —w?Az, t is a unit vector perpendicular
to 7 in the plane defined by @ and 7. The two accelerating charges are accelerating in opposite
directions so the radiated field will cancel out except for the differences in r, # and the phase
produced by the displacements +z.

We want to evaluate the radiated power in the limit that A >> z,. Also the oscillatory
motion Az << z,. And finally r >> z,.

Difference in 6 are O(z,/r), so the field difference is O(z,/r?) and does not lead to a
radiated field which has to go like O(1/r). The same happens for differences in the 1/r
factor. The only difference that leads to a radiated field is the r in the retarded time. The

resultant field is
(2qz,Az)w?

Erad = 3
cor

sin @ cos O sin(w(t — r/c)) (434)

We obtain the radiated power by integrating cE?, /4w over the area of a sphere at radius r.
The average of sin® @ cos? § over 47 is fol(l — ) pPdp = 1/3—1/5=2/15. The time average
of sin®wt is (1/2). This gives

4¢P AW

P=—=— (435)
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The quadrupole moment tensor is

Qap = Z 4i(3x015 — 17°00p) (436)

which for this model is diagonal with Q.. = 4¢2? and Q.. = Q,, = —2¢z2. The third time

derivative of this is
d3Q
dt3
The summed squared amplitude of the third time derivative of @) is

e
3

7 dt

So in terms of the time averaged squared third derivative,

1 PBQusl?
P = R0 % < > (439)

dt3

The Einstein A’s for the 2 — 0, 3 — 1,4 —2, 5 —3 & 6 — 4 lines of Hy are A =
29x1071, 4.7x 10719, 2.7x 1079, 9.8 x 1079 & 2.6 x 1078 sec™!. The quadrupole moment is
(0, J|Q10, J+2) ~ 0.98¢a? = 1.32 x 1072¢ esu-cm? where a, is the Bohr radius 5.29 x 1079 cm.
This is the component along the inter-nuclear axis. Note that the electrons spend more time
between the nuclei, leading to a net positive charge at larger radius. Call this component ()
and represent the molecule as two charges of +-e at position x = +4/@Q/4e ~ +0.5a,. Then as
the molecule rotates at frequency w, the quadrupole tensor is ., = Q[0.75 cos(2wt) 4 0.25],
Qyy = Q[—0.75cos(2wt) 4+ 0.25], Q.. = —0.5Q, and @,y = Qu = Q[0.75sin(2wt)]. The

power radiated at wavenumber 7 = 2w /27c is

= (—4qz.Az, —4qz. Az, 8¢z, Az) sin(w(t — r/c)) (437)

2
= 964> A2*Wl sin®(w(t —r/c)) (438)

6()2 676 ()2 676 ()2
P:64u)Q 1 4><2 :647TI/CQX2:27TVCQ (440)
180 \ 2 16 180 8 5
The Einstein A is P/hv so this classical calculation gives
676 ()2 675()2
A%27TVCQ :27T1/Q (441)

S5hv 5h

The quantum Einstein A is given by
AW T J") = 1.4258 x 104 Eyyr — Eyrgn)°| (0" T Q0" T f(J'J") sec™ (442)

where F is in atomic units of e*/a, = 27.2 eV, and Q is in units of ea? = 1.344 x 10726
esu-cm? (Jean Turner, Kirby-Docken & Dalgarno, 1977, ApJS, 35, 281). The f(J'J") factor

are the Clebsch-Gordon coefficents, given by:
3(J+1)(J'+2) _
s+ OF ' =J+2

FIT) =S Gty for J' =T (443)

3J/(J' 1) B
2271 2J+1) for J" = J' =2
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Fig. 22.— The electric quadrupole moment of the hydrogen molecule in its ground electronic
state as a function of the internuclear separation. Atomic units in terms of a, = 0.539 A for
distances and ea? for the quadrupole are used. Based on Figure 1 of Dalgarno, Allison &
Browne (1969, JAtS, 26, 946).

For J” = 0 and J' = 2, f = 1/5. The 28 um line of Hy has £ = 0.00162 atomic units
so the Ayy = 2.9 x 107 sec™ implies (0,0|Q]0,2) = 0.96 ea®. The quadrupole moment
is taken from Dalgarno, Allison & Browne (1969, J.Atm.Sci., 26, 946) and is defined as
Q(R) = R? — 2(¢|32% — r?|¢). The R? term is 322 — r? for two protons each at z = +R/2.

The formula in Eqn(441) gives A = 3.16 x 107® for the 6-4 line for @ = 1.00 ea? which
is appropriate for this transition because the Q(R) curve for Hy reaches a maximum at R
about 1.5 times the ground state separation. The actual Ag, is 82% of this so the formulae
work well. The last line of Eqn(443) gives f = 0.315 which is 84% of the asymptotic J — oo
limit of 3/8.

18.1. Excitation Mechanisms

Molecular hydrogen has a very small moment-of-inertia, so the rotational B constant
is large. In addition, the lowest allowed transition is the 2-0 quadrupole line, which has an
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Fig. 23.— Einstein A values, normalized by 7°, for molecular hydrogen. The black dots are
the 2-0, 3-1, 4-2, 5-3 and 6-4 lines, while the red horizontal line is the classical prediction.
The red curve shows the quantum prediction for a constant value of ) which is nearly correct.

excitation energy equivalent to 512 K. Thus most molecular clouds in the ISM do not radiate
much Hs emission at all.

The protons in Hy have spin %,

or 1. In the K = 0 state the rotational wavefunction is symmetric between the two nuclei
so the protons have to have spins in different directions, leading to a total nucelar spin of 0.
This also applies to all even K. For odd K, the rotational wavefunction is anti-symmetric so
the total nuclear spin has to be 1. The interaction between the nuclear magnetic moments
of the protons is very tiny, so the radiative transition between K = 1 and K = 0 by nuclear
magnetic dipole radiation has a lifetime much longer than the age of the Universe. As a
result, Hy is divided into two species: para-Hs with even K, and ortho-Hy with odd K. The
staitstical weight of even K states are 2K +1, while the odd K states have weights 3(2K +1).
At high temperatures one gets an ortho:para ratio of 3:1.

so they can combine to make a total nuclear spin of 0

In the laboratory when preparing solid hydrogen, used for cooling WISE among other
things, it is important to make sure that all the hydrogen is converted to the para form. In
the lab this is done using a catalyst made of powdered iron which interacts well with the
nuclear magnetic moments. But even though iron filings are not present in the interstellar
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Fig. 24— Morse potentials fitted to the XlZ; ground electronic state of Hy and the B!}
upper state of the Lyman bands. The vibrational levels in the Morse potential are shown as
thin blue lines. The red line on the left shows the ultraviolet absorption at about 104 nm
from the ground state to the v = 5 state in the upper levels that gives the largest overlap
integral. About half the time the decay to the ground state occurs via the right red line into
the v &~ 12 level in the ground state.

medium, the ortho:para ratio of Hy in the ISM is usually close to the equilibrium value. The
reaction which enables this equilibrium is the proton exchange process: Hs + p — p + Hs.
In a cold cloud, this will happen much more often when the final state is the lowest energy
K = 0 para state, leading to an ortho-para ratio is thermal equilibrium with the kinetic
temperature of the medium.

Even though thermal excitation of Hy requires high temperatures, rotational-vibrational
lines from highly excited Hy molecules are seen from photo-dissociation regions (PDRs),
where UV light from hot young stars is absorbed by a molecular cloud. The mechanism
which produces the excited H, is shown in Figure 24. A UV photon excites the molecule
into an excited vibrational level in an excited electronic state. The vibrational frequency is
about 3 x 10'® Hz, so the molecule makes a large number of the vibrations in the 10 ns or
so that it takes to decay electronically. The most likely decay is then where the vibrating
molecule spends most of its time, which is out at about 2.2 A separation, so when it decays
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to the electronic ground state it is most likely to decay into the v = 11 or 12 state. A
cascade of vibrational transitions then occurs, each one adding or subtracting 2 units of
angular momentum from the rotational state. By the time the v = 0 state is reached, a large
fraction of the molecules are in states as high at K = 10 or more, even though the K = 10
level is about 10* K above the ground state.

Note that a direct dissociation, by an electronic transition into the vibrational continuum
of B'Y requires a photon with energy greater than 13.6 eV which are very rare in the ISM.
It only takes 5 eV to excite Hy into the vibrational continuum of the ground state, but this
transition is forbidden since it is a quadrupole transition. The most common dissociation
channel parallels the fluorescence process but the electronic decay goes into the vibrational
continuum of the ground state. 11% of the decays lead to dissociations.

19. Gravitational Radiation

Gravitational waves also come from time varying mass quadrupoles. The formula for
radiation from a binary star is

dE  32G*MPMZ(My + My) 1+ Be? — 3et

dt 5cPab (1 —e2)l/2 (444)

Taking e = 0 for simplicity this can written in terms of the quadrupole moment Q% =
S° M(3xixd — §¥r?). This is 3 times a traceless version of the moment of inertia tensor. For
convenience put the stars along the z! axis, with M, at x; = aMy/(M; + M) and M, at
xe = —aMy/(M; + Ms), then

Q" = 2(a®(MiM3 + MyM7)/(My + Ms)?) =2 (a® My Ms/ (M + Ms))
Q2 = Q% =—_LQ" (445)

and the non-diagonal terms are zero. When the binary is rotated by 45° we get Q'? =
2(a® MM,/ (M, + M>)). The square of the third time derivative of the quadrupole moment
gives the radiated power. As the binary rotates (in the z! — 22 plane Q', Q2 = Q* and
Q?? vary with frequency twice the binary angular frequency given by w? = G(M; + M,)/a®
and amplitude 2(a®> MM, /(M, + M,)). Thus

M, + M, My + M,

2> . (447)

2 2 2 2
<Z |d3Q”’/dt3|2> = (4 x 1 x 640 x 9) (“ Mle) — 9 x 3205 (M) (446)

where () is a time average over the period. Therefore
dE G
i e <Z
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This is the gravitational wave equivalent of the Larmor formula for electric dipole radiation.
Identifying Gm? with ¢? this power is 4 times larger than the electromagnetic analog in
Eqn(439). The actual frequency of the radiated waves is 2w since the quadrupole goes
through two cycles per orbit. Gravitational radiation causes the period of the orbit to
decrease and if this effect can be detected it will allow one to find M; and M,.

Note that dE/dt oc a™® oc E°, so E=* oc t where t is the time before merger. Thus a
system with binary period B, o |E|*/? and binary period derivative P, will merge in a time
given by 7 = |E|/4|E| = P} /4(2/3) B, * B, = 2B /| By,

The flux carried by gravitational waves can be estimated by considering the force on a
mass which is F' = %mczﬁhog. Here h is the difference between the metric and the Minkowski
metric, h, = gu — Nw- If we make this equivalent to F' = ¢F with the charge given by
q¢ = VGm, we get an equivalence for E as %czﬁh/ VG. Thus the flux given by cE?/4m
becomes ¢’k*h*/16wG. Note that since the Planck mass is M, = \/hic/G = 22 ug and the
Planck time is t,; = h/Myc* = 5.3 x 107* sec, the Planck luminosity is Ly = Myc*/t, =
/G = 3.6 x 10 erg/sec. This gives

03

167G
which is the correct formula for the gravitational wave flux. This flux was first measured by
advanced LIGO on 14 Sep 2015.

Flux = w?(h% + h%) (448)

The flux formula basically says that for h = 1 the flux is the Planck luminosity in an
area of about a square wavelength, since v/ 167 =~ 27. Since the Planck luminosity is so large,
any reasonable flux corresponds to a very small strain amplitude h.

Note that the actual definition of h, and hy used above are for a metric with a different
“gauge” than the Newtonian gauge used for the estimate above. The actual metric is

10 0 0
0 —1+hy he 0

. 449

In 0 he —1—h, 0 (449)
0 0 0o -1

for a wave traveling in the z direction with both A, and hy varying like exp(ikz—iwt). In this
metric stationary objects like the end mirrors of LIGO do not move, but the speed of light is
modulated by k. In the z-direction, c?dt? — (1 —h, )dx? = 0 for light, so dz/dt = ¢/~1/1 — h.
In the y-direction dy/dt = ¢/y/1+ hy. Thus in an “L” shaped interferometer like LIGO,
with arm lengths L, the path length difference from the wave is hL. The h, term affects an
“L” turned by 45°.

The real accelerations produced by gravitational wave are tidal effects with a time
varying gradient in the acceleration of gravity. This is not like an electric field, so the
analogy used above is only an approximate guide.
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If we consider an example with two neutron stars orbiting with a period of 60 seconds,
each having a mass of 1.4 Mg, then the separation is a = [G(M;+M,) P?/(47%)]'/3 = 3.2x10°
cm and the orbital velocity of each NS is 1700 km/sec. The energy is %GMlMg/CL =1.6x10%
ergs. The gravitational wave luminosity is 5.2 x 103 erg/sec. The time before merger is
7 =1.6 x 10°°/(4 x 5.2 x 10%) = 7.7 x 10° seconds or 240 years. At a distance of 10 kpc,
the flux will be 4.3 x 1077 erg/cm? /sec. The gravitational waves have a period of 30 seconds
sow =0.2and h = 1.1 x 1072}, LISA would have been able to detect this signal easily, but
LISA is being reorganized.

If we put the neutron stars only 32 km apart, or 1000 times closer than before, the
velocity is now 50,000 km/sec and the period is 2 msec. The luminosity is 10'® times higher,
the time before merger is 10'? times shorter or 8 msec, the frequency of the waves is 1000 Hz,
and h = 1.2 x 10718, aLIGO could detect this signal from a NS-NS merger out to 10 Mpc.
The best sensitivity of advanced LIGO, which started in 2015, is a strain h ~ 5 x 10723 at
100 Hz. Since the arm lengths of LIGO are 4 km, this corresponds to a path length difference
of 2 x 1077 e¢m, which is about 10* times smaller than the diameter of a proton. This strain
corresponds to a flux of 8 x 1073 erg/cm?/sec.

20. Polarization

Consider an electromagnetic wave traveling in the z direction with a transverse electric
field given
E=R([2E + gEo)e ™). (450)

Resolve the complex amplitudes £y and E, into magnitudes and phases, E; = |E;|ei.

Then the z-component is a sinusoid with amplitude |EF;| and the y-component is a
sinusoid with amplitude |Ey|. The total power in the wave is given by

_ ¢ g\ o & 2 2
== (IE2) = =(Ef + Baf?). (451)

This can be related to the parameter I in the set of Stokes parameters:

I = [E\|*+ By

Q = |Ef — B,

U = 2|E||Es| cos(¢pr — ¢2)

V= 2|E||Es|sin(¢r — ¢2). (452)

The parameter [ is the total intensity, () is the difference in the x-polarized intensity and
the y-polarized intensity, U is the linearly polarized intensity along an axis at 45° to the
xry-axes, and V is the circular polarization which has the x and y components of the field
90° out of phase.
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Note that for this single sinusoidal wave, there is an identity:
FP=Q*+U*+V? (453)

so a single sinusoid is always 100% polarized in some combination of linear and circular
polarization.

The more general case involves many sinusoids. We need to come up with a more general
way of measuring the Stokes parameters. In addition, the definitions above are far from how
one would actually measure the polarization. To measure polarization one uses a polarizer
turned to various angles to isolate a given axis. Let this angle be 6 with 6 = 0 for the x-axis
and 0 = 90° for the y-axis. Then if P(0) is the power measured at angle , one gets

I = P(0)+ P(90°) = P(45°) + P(135°)
Q = P(0)— P(90°)
U = P(45°) — P(135%). (454)

But what about the circular polarization V7 This requires correlating the z field delayed by
0.25 cycles with the y-field. The delay can be accomplished using a quarter-wave plate which
delays one axis relative to the other by A/4. The correlation can be accomplished using a
polarizer at # = 45°. Thus

V = P(45°) — P(135°) after passing through a \/4-plate (455)

A quarter-wave plate is made using an appropriate thickness of a bi-refringent crystal.
Bi-refringence is having different indices of refraction for light polarized in different directions.
Calcite is an example of a bi-refringent crystal, with ordinary and extraordinary refractive
indices of 1.658 and 1.486 at A = 590 nm, and light entering a calcite block at an angle will
split into two beams. Light entering calcite at 45° to the ordinary axis will resolve into two
beams with wavelengths Ay../n, and Ayee/ne, so in the thickness L there will be a phase
shift of (n, — ne)L/Aye waves between the two beams. A calcite layer 860 nm thick will act
as a quarter-wave plate for 590 nm light. Since a quarter-wave plate is a fairly narrow-band
device, the Stokes parameters apply to quasi-monochromatic light.

Given the definition of the Stokes parameters in terms of powers observed through
polarizers at various angles, it is clear that the Stokes parameters are additive when several
different signals are combined, as long as there are no correlations between the phases of the
different signals. When the phases are uncorrelated, powers add, so IQU&V add as well.

While for a single sinusoid I? = Q? + U? + V2, when several signals are combined one
gets
I?>Q*+U*+V? (456)
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because it is possible for the QU&V terms to partially cancel since they can be positive or
negative, while I is always positive. The polarization fraction is given by

po VUV (457)

- T

which is usually given as a percentage between 0 and 100%.

The power observed through a polarizer at arbitrary orientation is given by

T+ Qcos(20) + U sin(20)
B 2

P(0) (458)

Many materials become birefringent when placed under stress. The strain induced by
the stress makes the lattice spacing different along different axes, causing the indices of
refraction to be different for different polarizations. When a block of such material is placed
between crossed polarizers, the polarization change induced by the stress causes light to be
transmitted revealing the pattern of the strain.

In addition to the quarter-wave plate which converts linear to circular polarization
and vice versa, a half-wave plate is also an interesting device. If one starts with linearly
polarized light at angle 6, then E, = E'cosf and E, = E'sinf. A half-wave plate will change
the relative phase between the z and y fields by 7 radians, so one has E, = E cosf and
E, = —FEsinf at the output, a wave polarized at angle —0.

In the frame of reference of the input polarization, the half-wave plate has its axes at
angle —f and the output wave has polarization angle —26. This means that a rotating
half-wave plate will rotate the output plane of polarization at twice its rotation rate. This
provides a way to measure linear polarization: a linear polarizer will normally have different
gains in its two channels making the raw difference a biased estimate of ) or U. But by
rotating a half-wave plate in front the linear polarizer, the outputs are modulated at 4 times
the rotation rate and modulated signals will not be biased.

Of course the gold standard for eliminating biases is to rotate the entire telescope and
instrument and see that the measured polarization stays fixed on the sky instead of turning
with the telescope.

A half-wave plate gives a very different kind of rotation than the plasma effect we looked
at earlier. The plasma effect is due to circular dichroism, where different senses of circular
polarization have different indices of refraction. A plate made of circular dichroic material
that introduced a half-wave of phase shift would always rotate the plane of polarization by
90°, no matter how it is oriented relative to the incoming polarization. But a half-wave plate
is made of birefringent material which has linear dichroism, and a half-wave plate does not
produce any rotation for an input polarization lined up with its principal axes.
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Polarizing devices can be used to make some very useful instruments. The FIRAS
spectrometer on COBE, which measured the spectrum of the sky over a factor of 100 in
frequency, used a polarizing Michelson interferometer. The wavelength range was 1 cm to
100 pm, so the polarizers were made using wire grids having a 25 pym spacing and wires 12.5
pm in diameter. These wires were wound over a support frame on a lathe, and then were
soldered to the frame. This gave two layers of wires, so one was cut away, leaving a free
standing wire grid polarizer.

FIRAS used input polarizers to make a polarized beam, then used another polarizer
tilted at 45° to make a 50:50 beamsplitter that worked over a 100:1 range in frequency.
Radiation that reflected off the beamsplitter, went to the end mirror, returned to the beam-
splitter, and then needed to be transmitted. This requires a 90° change in the orientation of
the polarization. This could not be achieved with with a half-wave plate or a circular dichroic
plate because of the very wide range of wavelengths. But a clever arrangement of mirrors
could do the job. When horizontally polarized radiation hits a mirror, the reflected waves
are horizontally polarized. For vertically polarized waves, the reflected waves are vertically
polarized. So a simple mirror will not work. But a two mirror arrangement called a dihedral
will work. This has two mirrors joined at a 90° angle along a vertical axis. A wave polarized
at 45° that hits the dihedral on the right side will hit the top right side of the dihedral,
bounce over to the top left side of the dihedral, and come back polarized at 135°. This is
not a rotation, but rather a flip of the polarization angle around the axis of the dihedral.

So in FIRAS, radiation polarized at 45° is transmitted at the beamsplitter, goes down
arm 1, is reflected and flipped in polarization by the dihedral, comes back to the beamsplitter
and is now reflected. Meanwhile radiation polarized at —45° is reflected at the beamsplitter,
goes down arm 2, is reflected and flipped in polarization by the dihedral, comes back to the
beamsplitter and is now transmitted. All the radiation is recombined but with a variable
phase shift of 2(L; — Ls)/A waves, where L; and Lo are the lengths of the two arms, so
the FIRAS interferometer is basically a variable wave plate. When the phase shift is an
integral number of waves the linearly polarized input is unchanged at the output. When the
phase shift is a quarter-wave plus an integer the vertically polarized input becomes circularly
polarized at the output. When the phase shift is a half-wave plus an integer the linearly
polarized input is rotated 90° at the output. So the radiation that gets through an output
polarizer is 100%, 50%, 0%, 50% & 100% as the path length difference is changed from 0 to
A4, N2, 30/4 & A

Radar astronomers usually transmit circular polarization to avoid problems with the
rotation measure of the Earth’s ionosphere. When circularly polarized radiation is reflected
by a mirror, the rotation of the electric field is still the same but the direction of propagation
is reversed. As a result, the sense of the circular polarization is reversed, so left circular po-
larization becomes right circular polarization and vice versa. But if the radiation is reflected
by needles, the reflected power will be linearly polarized, corresponding to an equal mix of
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Fig. 25.— The limb darkening curves in orthogonal polarizations for an electron scatter-
ing plane-parallel atmosphere in radiative equilibirum, from Chandrasekhar (1960, Radiate
Transfer, Dover).

left and right circular polarization. Thus the ratio of circular polarizations in the received
echo is another way to study the nature of the reflecting body. This is called the SC/OC
ratio, for the “same circular” to “opposite circular” ratio. Note that a mirror or specular
reflection gives SC/OC << 1, randomly oriented needles (“chaff”) will give SC/OC = 1,
and a dihedral mirror will give SC/OC > 1.

Note that radar astronomy is limited by the 1/R* dependence of its signal to noise ratio.
One get an inverse square law for the outgoing pulse and another inverse square law for the
received pulse.

21. Polarized Radiative Transfer

Because the Stokes parameters are additive, it is mathematically reasonable to take
derivatives of the (/QUV) vector and to operate on this vector with a matrix. Let I represent
the vector of IQUV . Scattering usually produces a polarization, while true absorption and
emission does not. The source function has to be a four-dimensional vector in the Stokes
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parameter space. There will be a phase matrix P (7, n ) describing how the input polarization
is transformed into the output polarization. Thus

dI(n d AP .
™) _, / C P (h, ) I(n")dQUn') + aB — (o + a)L() (459)
ds ds?

where « is the true absorption per unit length, B is the Planck function, and o is the
scattering per unit length but do/df2 is the differential cross-section.

In a plane-parallel atmosphere, it seems easiest to work out the phase matrix P for a
polarization basis I; and I, where [; is polarization in the plane containing the vertical and
the line-of-sight, while I,. is perpendicular to that plane.

The net result for electron scattering is an equation
9 ( I(p) ) _ ( Li(w) )
M =
or \ I(u) I (1)
21_21_l2+2/22 ]1
_ %/( (1—p2)( ,2M> (2p ul)( l(u))dﬂ, (460)
]
taken from Chandrasekhar (1960, Radiative Transfer, Dover)

Chandrasekhar also solves these equation for the case of a constant flux F' coming
from below and no incident radiation. This would be a star in radiative equilibrium with
an electron scattering atmosphere. Figure 25 show the limb darkening curves in the two
polarizations. The fractional polarization is zero at p = 0 as it must be by symmetry, and
rises to 11.7% at the limb. But the radiation is primarily moving outward at the surface,
the light scattered toward the horizon is primarily horizontally polarized.

22. Albedo and Asteroids

When dealing with planets the albedo or reflectivity is often needed. Two different kinds
of albedo are defined.

The geometric albedo (py for the V band) is the ratio of the reflected light at phase angle
a = 0 to the light reflected by a white Lambertian disk of the same size. A Lambertian disk
has the same surface brightness at all angles, but because the observed surface area goes
like cos o the amount of reflected light goes down as « increases. Because a Lambertian
disk scatters into several steradians, it is possible to have an object that reflects more light
straight back to the source giving a pyy > 1 A cat’s eye is an example of this, or a corner
cube. Bicycle front and rear reflectors do it, as does Scotchlite tape.

The Bond albedo A is the ratio of total reflected light to the total incident light. To get
the total reflected light we need to integrate over phase angles. If the phase function ¢(«) is
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normalized to unity at o = 0 then for a Lambertian disk the integral

/¢(a)dQ =27 /01 pdp = m (461)
The phase integral ¢ is defined as
.= % / 6(0)dQ (462)
so it is normalized to unity for a Lambertian disk. The Bond albedo is defined as

A=pq (463)

For a white Lambertian sphere the geometric albedo is given by

p=20 _ Jo
fow/2 d(sin’ ) 1

" cos 0d(sin®0) [T 2cos?Osin0df [ 2

Jo 7% cosBd(sin®0)  ['72cos? Osin _ / 2y = 2 (164)
0 3
Note that the projected radius on the sky goes like sin # where 6 is the angle from the sub-
solar point, so d(sin?#) is d(Area). Since this is still a white object that reflects all the
incident light, the phase integral for a Lambertian sphere is ¢ = 3/2 so the Bond albedo is
still A = 1. For the white disk, ¢(90°) = 0, but for the white sphere
2]01\/1—x2xdx B folw/l—ydy 1

O == =T @@« (465)

The larger ¢(90°) explains why ¢ = 1.5 > 1 for the white sphere.

The absolute magnitude of an object that is seen by reflected sunlight is defined as the
magnitude it would have if it were 1 AU from the Sun, and 1 AU from the observer, and at
a phase angle o = 0. This is an unlikely situation since it implies the observer is located at
the Sun, but it gives a well-defined geometry. This absolute magnitude is called H, which
should not be confused with the 1.6 ym Johnson magnitude H.

The Minor Planet Center uses a particular parameterized model for the phase function to
convert observed magnitudes into absolute magnitudes. This phase function is parameterized
by a “slope parameter” G:

¢la) = (1=G)oi(a) + Gha(a)

¢1(a) = exp[—3.33tan(a/2)"%

¢2(a) = exp|[—1.87tan(a/2)"??] (466)
(467)

Since ¢, declines less steeply with a than ¢, a large G means a shallower slope for the phase
function. The default value for the phase function is G = 0.15. The value for the phase

113



integral is ¢ = 0.29 4+ 0.684G and the value of the phase function at 90° is ¢p(a = 90°) =
0.0358 4+ 0.1185G. For the default slope parameter G = 0.15, the phase integral is ¢ = 0.384
and ¢(a = 90°) = 0.0535. Note that the white Lambertian sphere has a much shallower
phase function (and hence a larger phase integral) than that given by any reasonable value
of G in the range 0 to 1.

With these definitions the absolute magnitude H is related to the observed magnitude
V by
H =V —5log;,(rA) + 2.51logq[¢(a)] (468)

where r is the distance from the Sun, and A is the distance from the observer. The relation-
ship between H and the diameter D of the asteroid is given by

D = (1329 km)10~ "7/, /py-. (469)

For example, the threshold for potentially hazardous asteroids, H < 22, corresponds to
D > 0.14 km for py = (1329/0.14)210~04H = 0.143.

22.1. Thermal Models

Asteroids are generally too small to resolve with a telescope unless the telescope is
the HST and the asteroid is one of the largest. Thus to determine the diameter one must
either assume an albedo or obtain some other data about the asteroid. Observations of the
thermal infrared radiation emitted by the asteroid are very useful for albedo determinations
because the fraction (1 — A) of the sunlight that is not scattered is absorbed and reradiated
in the thermal infrared. If one could observe an asteroid from all directions and compute its
“luminosity” in scattered light and infrared reradiation, L,, and L;g, then the Bond albedo
is determined from

A Lopt
R — 4
1-A L[R ( 70)
The diameter would also be well-determined, since
s Lo
Lopt+L[R:7T(D/2) T3 (471)
4r

Of course one usually only observes the asteroid from one angle, and one needs to know the
optical and infrared phase functions to extrapolate from one phase angle to the integral over
all phase angles. Knowing the infrared phase function involves modelling the temperature
distribution on the surface of the asteroid, and several different models are commonly used.

Clearly the simplest possible thermal model is an isothermal asteroid with the same
temperature at all points on the surface. This has a constant infrared phase function, ¢ = 1
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for all angles, and thus a phase integral of 4. If the surface of the asteroid radiates like a
greybody with emissivity € then the temperature is given by

(1 - A)r(D/2)’Le

42

eospT*[4m(D/2)?%] =

(472)

For e = 1 and A = 0, this is T = 279[r/(1 AU)]~'/2 K. The isothermal model is reasonable
for very small asteroids, rapidly spinning asteroids, and for planets with atmospheres which
have a large thermal inertia like the Earth, which explains why 279 K is such a pleasant
temperature. A more detailed model of the Earth would include the albedo, A ~ 0.24,
which makes the temperature colder, and also the warming due to the greenhouse effect in
the atmosphere, again giving a pleasant surface temperature.

For asteroids larger than tens of meters, conduction is inefficient at transferring heat,
so there is a large temperature gradient around the surface. This is often modelled using the
Near Earth Asteroid Thermal Model (NEATM, Harris, A. W. 1998, Icarus, 131, 291-301),
which assumes that the surface temperature at an angle 6 away from the sub-solar point is
given by T'(0) = T,, max(0, cos #)'/* where the sub-solar temperature is given by

(1-A)Le

12 (473)

enosply, =
The “beaming parameter” 7 is a fudge factor that can be adjusted to make the model
spectrum match the observed spectrum. The model spectrum for a given phase angle is
obtained by integrating eB,(T'(f)) over the observed disk of the asteroid. Note that the
integrated, or bolometric, infrared phase curve of the NEATM is exactly the same as the
phase function of the perfectly diffusing Lambertian sphere. Thus the phase integral is 1.5.
For wavelengths shorter than the peak of the IR spectrum the phase curve will be steeper
and the phase integral smaller, while the reverse is true for wavelengths longer than the
peak.

The NEATM with n # 1 does not satisfy radiative equilibrium. Thus the derived value
of 1 has to vary with viewing angle. When viewing the morning side of a rotating asteroid,
the temperature of the visible parts of the asteroid will be cooler than equilibrium giving a
high 7, while in the afternoon the temperature will be warmer leading to a low 7. These
variations are due to physical effects that are not included in the NEATM, such as heat
conducted into the surface during the day that is radiated later at night. Thermophysical
models do include such effects.

Another commonly used simple thermal model is the Fast Rotating Model, or FRM. In
this model the Sun is over the equator of a rapidly spinning asteroid. Then the heat input
depends on the latitude 6 and local hour angle of the Sun as

(1-A)Le

F(LHA) = cos § max][0, cos(LHA)] 12

(474)
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which averaged over LHA gives

(F) = cosf (1 —A)Lg

(475)

T 42

This leads to a temperature on the equator that corresponds to the sub-solar temperature
of the NEATM with n = 7. But the phase function for the FRM is a constant when the
observer is over the equator. This is the usual assumption. When the observer is over the
pole at a = 90° the phase function is smaller. The phase integral integrated over solid angle
is high so the FRM is in radiative equilibrium. The day side is cooler, but the night side is
just as hot as the day side.

All of these simple models assume a spherical asteroid. The infrared flux is found by
integrating over the observed disk of the asteroid. For the NEATM at 0° phase angle the

flux is
(D/2)?

A2

where x is the normalized radius on the observed disk, which is sinf if 6 is the angle from

F, =

1
; / By(To[l — 22"/ 2mada (476)
0

the sub-solar point.

For the NEATM at 90° phase angle, the flux is

(D/2)?

F, = A2

1
€ / B, (Tyez/")4v/1 — 22dx (477)
0

where now 2 = cos 6 is the normalized x coordinate on the disk.

For the FRM seen equator-on, the flux for any phase angle is

b= <DA/22>2€/1 B,(Tys[1 = 4*]"*)4/1 — y2dy (478)

where y is the sine of the latitude.

Finally for the FRM seen pole-on, at 90° phase angle with a particular clock angle, the
flux is

(D/2)?
A2

where z is now the cosine of the latitude which is the normalized radius on the disk.

1
F, = e/ B, (T, .z 2nzdx (479)
0
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